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Abstract 

This paper is devoted to the full system of incompressible liquid crystals, as modeled in the Q-tensor 
framework. The main purpose is to establish the uniqueness of weak solutions in a two dimensional 
setting, without imposing an extra regularity on the solutions themselves. This result only requires 
the initial data to fulfill the features which allow the existence of a weak solution. Thus, we also 
present a revisit of the global existence result in dimension two and three. 

1. Introduction 

The main aim of this article is to prove the uniqueness of weak solutions for a type of coupled Navier- 
Stokes and Q-tensor systems proposed in [5] and studied numerically and analytically in [Illl4lll6l[l8ll36| . This 
type of system models nematic liquid crystals and provides in a certain sense an extension of the classical 
Ericksen-Leslie model [14) . whose uniqueness of weak solutions was proved in [38] . In the remainder of this 
introduction we will briefly present the equations and state our main result. 

The system models the evolution of liquid crystal molecules together with the underlying flow, through a 
parabolic-type system coupling an incompressible Navier-Stokes system with a nonlinear convection-diffusion 
system. The local orientation of the molecules is described through a function Q taking values from R_|_ x O C 
R_i_ X = 2,3 into the set of so-called d-dimensional Q-tensors that is 

=Q,„tr(Q) = 0,z,j = l,...,d} 

(the most relevant physical situations being d = 2,3). The evolution of the Q’s is driven by a gradient 
flow of the free energy of the molecules as well as the transport, distortion and alignment effects caused by 
the flow. The flow field u : K+ x fl —^ satisfies a forced incompressible Navier-Stokes system, with the 
forcing provided by the additional, non-Newtonian stress caused by the molecules orientations, thus expressed 
in terms of Q. We restrict ourselves to the case and work with non-dimensional quantities. The 

evolution of Q is given by: 


dtQ + u-\7Q- S{Vu, Q) 


dQ 


= -jlVQp + (|tr(Q2) _ ^tr(Q3) + |tr2(Q2)) 
1 


( 1 ) 


with r > 0. Here 


^e(Q) 


( 2 ) 
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is the free energy of the liquid crystal molecules and denotes the variational derivative. The L, a, b, c 
constants are specific to the material with: 

L > 0 and a, 6, c G K, c > 0 (3) 

If M = 0 the Q-tensor equation would simply be a gradient flow of the free energy. For u 0 the molecules 
are transported by the flow (as indicated by the convective derivative + it • V) as well as being tumbled and 
aligned by the flow, fact described by the term 

5(Vu, Q) {^D + n){Q+ i/d) + {Q + - 2^(Q + i/d)tr(QVii) (4) 

where D ‘^= i (Vit + (Vm)^) and i (Vu — (Vit)^) are, respectively, the symmetric part and the 

antisymmetric part, of the velocity gradient matrix Vit. The constant ^ is specific to the liquid crystal 
material. 

The flow satisfies the forced Navier-Stokes system: 


dtu + (it • V)it = t/Au + Vp + AV • (r + cr) 

V • M = 0 

where A > 0 with A measuring the ratio of the elastic effects (produced by the liquid crystal molecules) to 
that of the diffusive effects. The forcing is provided by the additional stress caused by the presence of the 
liquid crystal molecules, more specifically we have the symmetric part of the additional stress tensor: 


def 

r = 


^(q + ^Id)H - ^H{Q + i/d) + 2^{Q + i/d)Q// - LVQ 0 VQ 


and the antisymmetric part: 
where we denoted 


cr QH - HQ 


def dTe 

Summarising we have the coupled system: 


tr(Q2) 


H =‘ — = LAQ — aQ + b[Q'^ -~ cQtr(Q^) 


(5) 

( 6 ) 
(7) 


2 tr(Q2) 


{dt+u- V)Q - S'(Vu, Q) =r(TAQ - aQ + b[Q^ - 

dtu + (it • V)it =tiAit + Vp + AV • {QH - HQ) 


Id] - cQtr(Q^)) 


+ AV • 


e(Q + \ld)H - ^H{Q + i/d) +2^{Q+ ^Id)QH - LVQ 0 VQ 


V • M =0 


( 8 ) 

where T, L,v,c > 0, a,b G K. Let us observe that this is a slight extension of the system considered in [36] . 
where A = 1. However, this does not create any major difficulties compared to equations in |36| but it is more 
relevant from a physical point of view. 

The main result of the paper is the uniqueness of weak solutions, which are defined in a rather standard 
manner: 

Definition of weak solutions A pair {Q,u) is called a weak solution of the system (0), subject to initial 
data 

Q(0, x) = Q{x) G //i(R'^; w(0, x) = u{x) G M^)^ V • it = 0 in V'{R^) (9) 

if Q G T“^(R+;//^) n L^^^(R+;//^), it G L“^(R+;L^) fl i/^) and for every compactly supported 


(fi G (^““([O, oo) X if G (^““([O, oo) x R'*; R'*) with V ■ ip = 0 we have 

f f {~Q ■ — TLAQ ■ if) — Q ■ uVx^dx dt 

Jo dR't 

/“ / 11 1 

— / {^D + I1){Q +-Id) ■ (fi + {Q +-Id){fD — H) ■ (fi — 2f{Q +-Id)tr{Q'Vu) ■ (fidx dt 

Jo jRd da d 


f Q{x) ■ (p{0,x) dx + r f / I 
Jr'I Jo Jr"^ '' 


tr(0'^) 

— aQ + - -^Id] — cQtr{Q^) j ■ ip dxdt (10) 


and 


/ / —udtip — UaUpdaipp + i^VuVip dtdx — / u{x)ip{0, x) dx 

Jo Jr<‘ Jr<‘ 
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— LX I I Q'y6,a.Q'yS,0'4^a,0 Qa-y ^Q'y0'4^OL^^ “t" ^QoL'yQ'y0'4^OL^^ dx dt 
Jo Jr^ 

+^A J j ^Qa7 H- yXj H^i3'llja,P + Ha-y (^QyP H-V’a.^ ~ ‘^{Qa.p H- ■^)Qy5HyS'(IJa,0 dx dt (11) 

We can now state our main result, which is the existence and uniqueness of weak solutions: 

Theorem 1.1. Let d = 2,3 and take 

g(0,x) = Q{x) e S^o'^), m(0,x) = u{x) e V-u = 0 in T>'(K'^) 

Then the system ([8]) admits a global weak solution. Moreover if d = 2, then uniqueness holds. 

Remark 1.2. With minor modifications to the proof, that are left to the interested reader, the result also holds 
when the system is d = 2 in the domain but d = Z in the target, which physically corresponds to a situation 
where there is no dependence in one of the three spatial directions. 

The main part of the theorem is about uniqueness, as the existence part is just a fairly straightforward 
revisit of the arguments in [36]. The main difficulties associated with treating the system ([8|) are related 
to the presence of the Navier-Stokes part. One can essentially think of the system as a highly non-trivial 
perturbation of a Navier-Stokes system. It is known that for Navier-Stokes alone the uniqueness of weak 
solutions in 2D can be achieved through rather standard arguments, while in 3D it is a major open problem. 

The extended system that we deal with has an intermediary position, as the perturbation produced by 
the presence of the additional stress-tensor generates significant technical difficulties related in the first place 
to the weak norms available for the u term. A rather common way of dealing with this issue is by using a 
weak norm for estimating the difference between the two weak solutions, a norm that is below the natural 
spaces in which the weak solutions are defined. This approach was used before in the context of the related 
Leslie-Ericksen model [20] as well as for the usual Navier-Stokes system in [15] and [2^ . 

In our case, for technical convenience we use a homogeneous Sobolev space, namely The fact that 

the initial data for the difference is zero (i.e. {5u, SQ)t=o = 0) helps in controlling the difference in such 
a low regularity space. However, one of the main reasons for chosing the homogeneous setting is a specific 
product law, see Theorem [AT] in the Appendix. The mentioned theorem shows that the product is a bounded 
operator from iL®(]R^) x iL‘(]R^) into for any |s|, |t| < 1 such that s -I- t is positive. We note 

that evaluating the difference at regularity level s = 0 i.e. in Lf, would only allow to prove a weak-strong 
uniqueness result, along the lines of [35]. Working in a negative Sobolev space, iL® with s £ (—1,0) allows 
to capture the uniqueness of weak solutions. We expect that a similar proof would work in any iJ® with 
s £ (—1,0) and our choice s = — ^ is just for convenience. 

Our main work is to obtain the delicate double-logarithmic type estimates that lead to an Osgood lemma, a 
generalization of the Gronwall inequality (see [3], Lemma 3.4). Indeed the uniqueness reduces to an estimate 
of the following type: 

< x(i){«>(t) + ln(l + e + -b $(t) In (l -b e -b Inin (l -b e -b }, 

where d>(t) is a norm of the difference between two solutions and x is apriori in 

In addition to these there are some difficulties that are specific to this system. These are of two different 
types, being related to: 

• controlling the “extraneous” maximal derivatives: that is the highest derivatives in u that appear in 
the Q equation and the highest derivatives in Q that appear in the u equation, 

• controlling the high powers of Q , such as Qtr{Q^) in particular those that interact with u terms (such 
as QtifQVu)). 

The first difficulty is dealt with by taking into account the specific feature of the coupling that allows for 
the cancellation of the worst terms, when considering certain physically meaningful combinations of terms. 
This feature is explored in the next section where we revisit and revise the existence proof from [36j . In what 
concerns the second difficulty, this is overcome by delicate harmonic analysis arguments leading to the double 
logarithmic estimates mentioned before. 

The paper is organised as follows: in the next section we revisit the existence arguments done in cite [36] . 
providing a slight adaptation to our case and a minor correction to one of the estimates used there. The main 
benefit of this section is that it exhibits in a simple setting a number of cancellations that are later-on crucial 
for the uniqueness argument. In the third section we start by introducing a number of technical harmonic 
analysis tools related to the Littlewood-Paley theory and then use them in the proof of our main result. Some 
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standard but perhaps less-known tools, toghether with some more technical estimates are postponed into the 
appendices. 

Notations and conventions. Let C denote the space of Q-tensors in dimension d, i.e. 

{Q e Qy = tr(g) = 0, j = 1,..., d} 

We use the Einstein summation convention, that is we assume summation over repeated indices. 

We define the Frobenius norm of a matrix |Q| ^/trQ^ = ^JQapQap and define Sobolev spaces of Q- 
tensors in terms of this norm. For instance S^'^) {Q : t Sq‘^\ |V(5(a;)p -b \Q{x)\'^ dx < oo} 

where |V(5p(a;) Qa/ 3 ,-y{x)Qap,-y{x) with Qap,-t djQap- For A,B G we denote A ■. B = tr{AB), 

|kl| = ytFI^ and IKA, B)||;, = ||bl|U + || i?||x, for any suitable Banach space X. We also denote ft a /3 
2 (^/3^a ^a^/3^ i'^a,/3 ^0 '^ol and Q O XQ^ij Q a^ ,iQa/3 ,j • 

2. The energy decay, apriori estimates and scaling 

In the absence of the flow, when m = 0 in the equations (|8]), the free energy is a Lyapunov functional of the 
system. If it ^ 0 we still have a Lyapunov functional for (jH]) but this time one that includes the kinetic energy 
of the system. These estimates provide as usually the basis for obtaining apriori estimates for the system. 
The propositions in this section show this and their proofs follow closely the ones of the similar propositions 
in [36| where they were done for the case A = 1. The reason for including them is to display in relatively 
simple setting the cancellations that will appear again in the proof of the uniqueness theorem but in a much 
more complicated framework. We have: 

Proposition 2.1. The system ([8|) has a Lyapunov functional: 

E{t)'^=^[ \u\'^{t,x)dx+ [ ^\VQ\'^{t,x) + X{^tr{Q'^{t,x)) - ^tr{Q^{t,x)) + ^tf^{Q'^{t,x)))dx (12) 
Z J-g^d Z Z 6 4: 

If d = 2,3 and {Q,u) is a smooth solution of 0) such that Q G L°°{0,T', fl L^(0, T; id^(R'^)) and 

u G L°“(0, T ; L^(R‘^)) n L^(0, T ; H^{EA)) then, for all t < T, we have: 

^E{t) = -v [ IVup dx-rX f tr(LAQ - aQ + b[Q^ - - cQtriQ"^)) dx<0 (13) 

dt Jgd Jgd \ d J 


Proof. We multiply the first equation in ([S]) to the right by —Aid, take the trace, integrate over R'^ and by 
parts and sum with the second equation multiplied by u and integrated over R*^ and by parts (let us observe 
that because of our assumptions on Q and u we do not have boundary terms, when integrating by parts). We 
obtain: 


dt Jgd + ^(^tr(Q2) _ ^tr(Q3) + |tr2(Q2)) ^x 

+ 1 ^ f |VmP dx-b LA f tr f LAQL — aQ + b[Q^ — ^ Id] — cQtr{Q^)\ dx 

Js.'i Jr’^ V d J 

= X y • VQa/3 (^-aQa/3 + blQa'yQj/s “ ^tr(Q^)] - cQ„/ 3 tr(Q^))^ dx 

'-V-' 

-b A y {-ftajQj/3 + Qajftj/s) (^-aQa/3 + b[QasQs/3 “ ^tr(Q^)] - cQ„/3tr(Q^))^ dx 


Xf [ {Qa-f + ^)D^/3Hai3dx-Xf [ Da-/{Qjp + ^) Ha/sdx+2X^ f [Q ap + ^)Haptr{QVu)da 
Jgd a Jgd a Jgd d 








■^=^3 


~\~LX f (ix f Ua^'yQ'y^^Qa^ dx 

Jr^ ^ jR'i 
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LX f LX f LX f 

I ^'Y,Q.Q'yf3^Qoij3 dx H “ / Qa.jU'f oi^ dx “ / Qa7^/3,7^^a/3 dx 

^ ^ Jr<^ ^ Jr<^ 


H ~LX I QyS,a.QyS,^'^ot,^ dx LX I Qcfy^'^a,j3 dx H "LX I a'fQ'jdx 

JRd. J^d 

^ ^^^ -- 

‘^=CC ‘*=Z3S 

+ /" {Qaj + ^)Hryi3Ua,l3dx+X^ [ Ha^{Qryi3 + ^)ua,l3dx-2X^f {Qafi + ^)ua,pt^{QH) dx 

jjjd a J-g^d a Jgd a 


^'jJi 






— LX I ^CK^5^/3^^^^ck/3 dx ~\~LX I '^'y^ctL^^^dx 

Jr'^ 


2B 


2C 


LX I ay y,13 dx “j “LX I ^^^^ayL^y^'Uja,l3 dx — 0 

Js.<i ’ jRii 

^ 

CC BB 

where 1 = 0 (since V • u = 0), XX = 0 (since Qaj 3 = Qpa) and for the second equality we used 

I UyQa0,y^Qa0 dx “1“ / Qy5,aQy5,j3'^a,f3 dx — / UyQal3,y^Qaf3 dx 

JR’i JR'i JR-i 


(14) 


AA 


f QyS,aQyS,/3l3'^a dx f QyS,al3Qy6,f3'^a dx f ^QyS,j3Qy5,l3^a,a dx — 0 

jR<i jR<i jRd- ^ 

together with Qaa = Haa = Ua,a = 0, ^3 = JJz and 

XL\ “t“ XX 2 — f "zQay33>y,^L[(y^ -\- ~Qay'^l3,yLla^ “t“ 'z'^a,yQy^L[(yi^ -\- ~Uy,aQy^L[af3 dx 

jRd I I I I 


+ - 


/R'^ 


{f^ay'^y,( 3 Lda (3 “t“ '^y,aQy( 3 Lda( 3 ^ „ (^Qay^l 3 ,yLlaf 3 4“ Ua,yQy 0 L[(^i^^ dx 

Rd Z Z 


~X j f {Ua,j3 4“ 3l^^a')Lla^ dx — f dXQ^r^Xly -\- QyaLda(333yj3,y dx X , f 3la,f3L[af3 dx — Lf\J 1 4“ XJ\J 2- 
« Jr‘‘ Jr'^ « jR-i 

Finally, the last equality in (fHl) is a consequence of the straightforward identities 2B + BB = 2C +CC = 0. 

□ 

It can be easily checked that the system has a scaling, namely we have: 

Lemma 2.2. Let {Q,u,p) be a solution of (01. Then letting 

us 5u{5x,5‘^t), Qs Q{Sx,S‘^t),ps{x,t) d^p{Sx,S^) (15) 

we have that {Q 5 ,U 5 ,ps) satisfy (0) with F{Q) = —aQ + b[Q^ — '^ Id] — cQtrfQ^) replaced by Fs{Qs) = 

6^ —aQs + b[{Qs)^ — — cQstr{Qs)^ ■ We note that, in dimension two, the space H^fEf) x L^(R^) is 

invariant by the scaling. 

In the following we assume that there exists a smooth solution of (0) and obtain estimates on the behaviour 
of various norms. 

Proposition 2.3. Let {Q,u) be a smooth solution of (0) in dimension d = 2 or d = S, with restriction (0). 
and smooth initial data {Q{x),u{x)), that decays fast enough at infinity so that we can integrate by parts in 
space (for any t > 0) without boundary terms. We assume that |,^| < where is an explicitly computable 
constant, scale invariant, depending on a,b,c,d,T,v, X. 

For {Q,u) € F[^ X L/(.,we have 

||Q(i,-)l|i/i <Ci+Cie^i‘||Q||^i,Vt>0 

with Cl, Cl depending on (a, b, c, d, F, L, v, Q, u). Moreover 


(16) 


\\u{t,-)\\l.+v f \\Vu\\l.<Ci 


( 17 ) 
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Proof. We denote: 

Then equation (IT^ becomes: 
d 


LXQ^p - cg„^tr(Q^), a, /3 = 1, 2, 3 


(18) 


dt 


E{t) + v\\Xu\\l 2 + TAL^II AQIIt^ + TAc^HgHie - 2cLTX / AQa^pQa^ptiiQ^) dx + a"rA||Q|li 2 


+ 6^rA 


/ 

Js.'i V 


R'i 


Q._tr(2!) 


dx< 2 arX I tT{XQ) dx— 2 bTX I tT{XQ^) dx+ 2 abTX I tr{Q^)dx 
Jm-i JR‘i Js.‘‘ 


(19) 




Integrating by parts we have: 

-2cLTX AQapQai 3 tT{Q‘^)dx = 2cLTX Qap,kQaf 3 ,ktr{Q'^)dx + 2cLTX Qap,kQai 3 dk (triQ^)) dx 

jRrf jR‘i jRrf 

= 2cLrX [ I VQptr(g2) dx + cLTX [ | V (tr(g2)) dx > 0 (20) 
Jr<i Jr<i 

(where for the last inequality we used the assumption Q and T, T, A > 0). One can easily see that 

i = -§l|vg||i.-c||g||i4 (21) 

On the other hand, for any e > 0 and C = C(s,c) an explicitly computable constant, we have: 

JT — ^ I Q^kkQOL'yQ'yp dx c j tr(g )tr(g ) dx 

jR’i Js.'i 

^ E f Qal 3 ,kQ,kQ ^0 dx E f QajU,kQa'yQ'y^k T f tr(g ) | tr(g ) -f S'tr (g ) | dx 

jRrf jRrf jR'i y £ J 

< Ee [ |vgptr(g^) dx + —||vg |||2 + [ tr(g^) [ —tr(g^) + etr^(g^) I dx 

jRd' £ Jr’‘ y £ J 

Using the last three relations in (fT^ we obtain: 

^E{t) + iy\\yu\\l 2 + TAL^IIAg||i 2 + c^rAUgiHe + a^rA||g||i 2 + 2cErX f \VQ\hT{Q^)dx 

dt ^ ^ * jRd 

+CETX f |V (tr(g2)) |2 dx < 2|a|rA(^|| vg||i 2 + c||g||i4) + 2|6|rAL£ [ |vgptr(g2) dx 

JRd 2 ^ J^d 

+2|&|rA-||Vg|li2 + 2|6|rA f tr{Q^) { -tr(g2) + etr2(g2) ) dx + 2|a6|rA(e|ig|li2 + -|ig||i4) 

£ jRd \£ J « e 

Taking e small enough we can absorb all the terms with an epsilon coefficient on the right into the left 
hand side, and we are left with 


dt 


E{t) + H|Vu||i2 + TAL^IIAgill^ + TAc^ligilie + rAa2||g||i2 


+2cETX f |vgptr(g2) dx + cLTA / |V (tr(g2)) p dx < C f || VgH^, + ||g||4,') (22) 

jRd jRd V * / 

with C = C{a, b, c). 

The last relation is not yet enough because the Q terms without derivatives in E[t) are not summing to a 
positive number. However, let us note that, if a > 0 we obtain the a-priori estimates by using the inequality 
tr(g^) < |tr(g^) + tr(g^)^. If a < 0 we have to estimate separately ||g|lL 2 and this ask for a smallness 
condition for 

We need to control in some sense low frequencies of g. To this end we multiply the first equation in (|S]) 
by g, take the trace, integrate over and by parts and we obtain: 


1 d 

2 dt 


f \Q\'^{t,x)dx = t( — L ( jvgpdx —a f |g(x)pdx-|-6 f tr(g^)dx —c f igi^dx') 

JRd ^ JRd jRd jRd igd / 

+ j tr(Og^ — QElQ) dx 

JRd 
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+ C -^)(5a^ + (Qa7 H D^/jQaff — 2{Qal3 -\ -^)Q u) dx 

jRd a a a 


Recalling that Q is symmetric we have 1 = 0. Also: 


\Tl\ = \2i\\l \D^pQ^p + D^^Q^pQp^-Q^pQ^ptv{QVu)dx\<C{d) ( e\Vu\^ + ( K^(|Q|2 + |Q|6) da, 
Js.d “ jRd jRd e 

Thus we get: 

^ / \Q\^dx<C{d)e [ |VM|2dx + ^/’ IQp + IQI^dx + C /" IQp + IQI^da: (23) 

dt J^d jRd e jjjd J’^d 

with C = C[a,b) > 0. 

Let us observe now that there exists M = M{a, b, c) large enough, so that 

|^tr(Q2) + ^trhQ^) < (M + ^)tr(Qh - ^tr(Qh + £tr2(Q2) (24) 

for any Q £ 5'o. 

Multiplying the equation (l23ll by M and adding to (l2^ we obtain: 

|(i:;(t) +M||Q||i.) +z.||V«|h. +rALiAg||i, +rAc2||Q||ie +a2||g||2, 
+2cLT\ [ |Vg|hr(ghdx + cLrA /" |V(tr(gh)pdx 

Jm.d JRd 

<c(\\VQ\\l 2 +\\Q\\U)+MCid)e [ dx + [ \Q\^ + \Qf dx + MC [ \Q\‘^ + \Q\Ux (25) 

^ ^ JRd £ jRd jRd 

We chose e small enough so that MC{d)e < v. Finally we make the assumption that |^| is small enough, 
depending on a, 6, c, d, v so that 


M\£.? 

e 


< FAc^ 


Then taking into account equation (l24t we obtain the claimed relation (|16I) .D 

We note that the ^ small hypothesis is necessary because we are in infinite domain, for example, in the 
periodic domain, we can add a constant to the functional and get the apriori estimates without any 
smallness condition on 


3. The existence of weak solutions 

The next proposition follows closely the similar result in |36j where it was done for A = 1. The purpose 
for including it here is to provide an alternative approximation system thus correcting the proof in |36j and 
also to show how the cancellations that appeared previously in the derivation of the energy law still survive 
at the approximate level but with some differences, phenomenon which will appear in a much more complex 
setting in the proof of uniqueness in the next section. 

Proposition 3.1. For d = 2, 3 there exists a weak solution {Q, u) of the system ([H]) subject to initial conditions 
([2]). The solution {Q,u) is such that Q G H^) D H'^) and u G L'^) D H^). 

Proof. As first step of the construction of weak solutions for the system (jS)) we construct for any fixed 
e > 0 a global weak solution 

Qe G L^M+lH^)r)LlM+lH^) Ue G L)?,(R+;L2) nLL(R+;^') 

for the modified system obtained by mollifying the coefficients of the equation for the Q tensor and by adding 
to the equation of the velocity a regularizing term. This term is needed in order to estimate some ’’bad” terms 
which does not disappear in an energy estimate. For the simplicity of the notations, we drop the indices e 
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and we denote the solution {Q^,Ue) by {Q,u). 

' dtQ + {Reu)VQ - ({Re{^D + r!)) (Q + i/d)) 


-[{Q + ljd)R,{^D-n)) 

+2e((Q + i/d)tr(QVi?eu)) 

dtU + {ReU)Vu - uAu + Vp = -eVRe '^Qlm {ReU ■ VQlm) |i?eUVQ|) 


= VH 


+ £PV • Rr VRrUlVRgUl 


- A^v ■Re(^{Q+ \ld) - iVV ■ Re (^H {Q + i/d) ^ 


( 26 ) 


+2AeV ■Rei^{Q+ ^/d) {QH)j - LXReiV ■ tr(VQVQ)) 

+LXrV ■ Re (QAQ - AQQ) 

^ {Q,u)\t=o = (ReQ^ReU). 

where Re is the convolution operator with the kernel e“‘^x(e“^-). 

In order to construct the global weak solution for this system, we use the classical Friedrich’s scheme. We 
dehne the mollifying operator 

XTm) = i{2-<i«i<2n/(0- 

We consider the approximating system: 

' + Jn^ReJnU^yJnQ^'^^) - Jn[{^JnReD^^^ + JnRe^^^^)(.JnQ^"^ + ^/d)) 

-Jn[{JnQ^^^ + i/d)(eJni?edi(”) ” JnRe^^'^^)) 

+2ej„((j„g(") + i/d)tr(j„QWvj„/?eu("))) = ri/(") 
dtu'^ +VJn{VJnReU^yVJnU'^) - vAVJnU^'^'^ = 

-eVJnRe[T.tn.= l^JnQt!^ (^Re JnU^ ■ ^ JuQ\’^) \Re JuU^^ 

+eVV ■ JnRe |Vi?e 

-X^VV ■ Jn + i/d) //(”)^ - A^PV • Jn (Jng(”) + ^/d) ) 

+2AfiPv • Jn (^(d„g(") + i/d) (Jng(")i/('‘))^ - Lxvjniv ■ tr(j„g(")v/„g("))) 

_ +LXVX/ ■ Jn (/„g(")Aj„gw - Aj„gW/„g(-)) 

where V denotes the Leray projector onto divergence-free vector fields, M is a positive constant, and i/^"^ ‘^= 
LA J„g(”) - aJ„g(”) -k6Jn[(Jng(") Jng(")) - - cJ„ | . We take as initial 

data {JnReQ, JnReU). 

The system above can be regarded as an ordinary differential equation in L^ verifying the conditions of the 
Cauchy-Lipschitz theorem. Thus it admits a unique maximal solution (g^"), € C^OO, T„); L^(R'^; x 

L^(R'^,R'*)). As we have {VJnY = 'PJn and = Jn the pair {JnQ^'^\'PJnU^^^) is also a solution of (l2^ . 
By uniqueness we have (J„g(’"),/’/„«(”)) = (g("),u(")) hence (g("\it(")) € Ci([0, r„), i/°“) and (g("),it(”)) 
satisfy the system: 

^ + Jn(^ReU^yQ^"^) - Jn[{iReD^"^ + + ^/d)) 

-dn((g(”) + \ld){£,ReD^^) - i?eO("))) + 2^J„((gW + i/d)tr(g(-)VL;eu”)) = Fi/W 


dtu'^ -t- VJn{ReU"^U^) - = 

-erJn(Etm=i vg[:^ {Rsu^ ■ vqI^) |i?,u"vg(-) 


+eVV ■ JnRe yVReU^'^'l | ^ 

-XCVX7 ■ Jn + ^Id) i/(")^ - X^VV ■ Jn (g(") + \ld) ^ 


( 27 ) 


+2A$iPv • (^(g(") + i/d) (g(")i/(")) 

-LxrJn{y ■ tr(vg(") vg(”))) + lxvv ■ Jn (g(”) Agf’") - Ag^^^gf'^)) 
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where ‘^= LAQ(”) - - cJ„(Q(") |Q(”) p)- The initial data is 

{JnQ, Jnu). We recall now a few properties of Jn ■ 

Lemma 3.2. The operators V and Jn are selfadjoint in L^. Moreover Jn and VJn are also idempotent and 
Jn commutes with distributional derivatives. 

We proceed in a manner analogous to the proof of Proposition 12.11 and multiply the first equation in (HZl) 
by take the trace, integrate over and by parts, and add to the second equation multiplied by 

Let us observe that almost all the cancellations in the proof of (12.111 hold, except for a few terms that need to 
be estimated separately. We also have some more new terms that we added in the regularization, terms that 
control the ones which do not cancel. Thus we have: 

1 L ^ - ^tr(Q("))3 + ^|qW|4) dx 

+v [ \Vu^\'^dx + rX f dx 

JR-i jRd- L V 3 ' / _ 

+£ [ |i?eUVg(”)pdx + £ [ iReVu^l'^dx 
jRd. JR-i 

{ReU^ ■ Jn - Cgl^^ | g(") |') dx 

+A f Jn (-Ren^:^Q^;i + Jn {bQ^:^Qf^ - ) ^X (28) 


hence 


d 

dt 


/ 

Jw 


2 2 


l|vg(")|2 + A(^|g(")|2-^tr(gM)3 + £|g(-)|4)da; + i. [ 

23 4 J^d 

+TX f L2|Ag(")|^(ix + rAa^ / \Q^^'>\^dx + C{b‘^,d,T,X) f |g(”)|'‘dx + PAc^ f | J„(g(”)|g(”)n|^ da; 
Jr‘‘ dRa dRd jRd 

+e [ |i?,uVg(")|3dx + £ /" li^eVu^l-^dx 

jRd J-g^d 


< 


2 rxc [ LAg(”) •g(")|g(")|2dx-2rA / LAg(") • (-ag(")+ 5j„ 

JRd Jgd [ d 


-2rx [ cg(")|g('‘)|2. (ag('‘) -6J„ (g(")) 

JRd V 


d 

tr(g(’"))^ 


Id 


) dx 


dx 


+A 


Jn [RsU^ ■ VQi^J) Jn (dgi”^gS - dx 


+c 


[ |iieVu”|2|g(-)|2dx + ^^ / |j„(g(’^)|g(’^)|hl"dx + c / |g(’^)|"dx 

JRd O jRd jRd 


We have that 
11 = 


(i?,u" • vgi"^^) Jn (&gi”)gS - ) dx 


C{b\d,T) 


+ [ \JniQ^-^\Q^-^n^dx 

o jRd 


< 


|i^ew”•vg('^)|3 + c(£,6^c^d,^) / ^ |i?eu"-vgJ::,)|dx 
+ ^ [ |Jn(g(")|g(")npdx 

^ O jRd 


( 29 ) 


< 


Vg(”)pdx + C'i(£,6^c^d,r) [ |u”pdx + C2(£,6,c,d2,r) [ |vg(”)pdx 

JRd JRd 


c (& 2 , d , r )„^(„^„4 . rc 2 


IIQ^”^lli 4 + ^ [ \Jn{Q^-^\Q^-^n^dx 

° jRd 
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Using the fact that I < 0 and the estimate for XX shown before, we replace in ((^51) and obtain: 

+v [ |Vu"pdx + rA / L2|Ag(")|2da: + £ /" \R^u'^ ■VQ^-^)\^dx+^ [ \VR,u'^\^dx 

JW^ 2 J^d 2 J^d 

<[ |g(”)p ++ U / |vg(")pdx + c(e) / |rt(”)|2da; 

JRii JRii jRii 

This estimate does not readily provide bounds on g^"^ because the term §|g*^”^p — |tr(g*^"))^ + f ig*-"^]^ 
could be negative. In order to obtain estimates we proceed as in the proof of Proposition [531 We put the 
proof in the appendix by Proposition IB. l| We can continue to proceed as in the proof of Proposition 12.31 and 
in fact in this case because of the first two regularizing terms on the right hand side of the w" equation in 
(Ha) we do not need the ^ small assumption. These estimates allow us to conclude that Tn = oo and we also 
get the following apriori bounds: 

sup||Viieu”||i4(0,T;L4),sup||i?eu” • Vg^”^|| l3(o,t;L 3), da; < C'(e) 

n n 

sup||g(")|| L^{0,T-H^)nL°°{0,T-H^) < OO, (30) 

n 

sup ||w”||ioo(o_T;L2)nL2(0,T;ffi) < OO, 

n 

for any T < oo. By the bounds which can be obtained by using the equation on dt{Q^'^\u'^) in some 
for large enough TV, we get, by classical local compactness Aubin-Lions lemma, on a subsequence, 

that: 


g(") ^ g in and g^’") ^ g in H^-J)y5 > 0 

g(")(t) ^ Q{t) in for all t € R+ 
u" ^ u in L^{0,T-, H^) and at" —>• m in L^(0, T; Vd > 0 

u^{t) u{t) in for all t G M+ 

Thus we can pass to the limit and obtain a weak solution of the approximating system: 


' 9tg(") + + i?,u")(g(") + i/d)) + ((g(") + i/d)(Ci?eT>" - Re^n) 

-2^((g(®) + i/d)tr(g(‘^)Vw^)) = TH‘^ 

dtU^ + VR,U^Vu^ = -eVR, ^Qlm {ReU ■ VQlm) |i?e^^vg|) 

+eVV ■ Re (^Re^u\ReVu\'^^ - • Re + i/d) 

-\ivv ■ Re(H^ + i/d) ^ +2A^iPv • i?e((g(") + i)(g(")i/")^ 

-L\v{v ■ i?etr(vg(^) © vg^''))) + lxpv ■ Re (g(®)Ag^-^) - Ag('^)g(^)) + u/^u‘^ 


(31) 


where we recall that H = L/S.Q^^'> — — cg^®Hr((g(^))^). The initial data for 

the limit system is {ReQ,Reu). 

One can easily see that the solutions of ([511) are smooth, first by obtaining C°° regularity for the first Q 
equations, by bootstrapping the regularity improvement provided by the linear heat equation, and then the 
regularity for the u equation, by bootstrapping the regularity improvement provided by a linear advection 
equation. For this system we can proceed as in the case of apriori estimates and obtain the same estimates, 
independent of e because the solutions are smooth and all the cancellations that were used in the apriori 
estimates also hold here. In particular we obtain: 


sup||g(^)||i °°(0,T-H^)nL^{Q,T-H^) < OO, 
£ 

Snp\\u'^\\L'=o{o,T-,L^)nL‘^{ 0 ,T-,H^) < oo 

e 


(32) 


for any T < oo. Taking into account those bounds and also the bounds which can be obtained by using 
the equation on clt(g^,it®) in some for large enough N, we get, by classical local compactness 

Aubin-Lions lemma and by weak convergence arguments, that there exists a g £ H^) r\ H'^) 

and a M G L)^^(]R+; L^) fl H^) so that, on a subsequence, we have: 

g(^) ^ g in L2(0,r;i/2) and g(") ^ g in L'^(0,T-, Hf-J)yS > 0 
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Q{t) in for all t € M+ 

^ M in LF‘{Q,T-,H^) and m" —it in L^{Q,T] Hl~J)y5 > 0 

u‘^{t) u{t) in for all t S M+ (33) 

These convergences allow us to the pass to the limit in the weak solutions of the system (pil) to obtain a weak 
solution of (ISI), namely (1 101) . (ITT]) . Of all the terms there is only one type that is slightly difficult to treat in 
passing to the limit, namely: 

L ( [dp !/>„ dxdt = -L [ [ (gi^^ dx dt. 

Jo ^ •'Jo JR'^' ^ ' 

Taking into account that i/; is compactly supported and the convergences (1331) one can easily pass to the limit 
the terms 'ipa,pQaj and 4>a,pQ^^p strongly in L^(0,T;L^). Relations (l33l) give that Ag^^f^, AQaj converges 
weakly in L^(0,T;L^). Thus we get convergence to the limit term 


^OC n pOO n 

L I I ^ I I ^^(^^Qa.'j'jQ'y^'j^cx.dxdt 

Jo Jr^ Jo Jr^ 

L I I i^^Q^^'ji^d^'lpcxQcx'y'jdxdt J--' I I (^^Qa'y')(^d0'4^cxQ'y0')dxdt. 
Jo Jr^ Jo Jr^ 


(34) 


Using also the uniform bound of £:||i?eit^Vg ®|||3 it is easy to check that e / |i?£M^Vg®pVg'^ • ReVipdxdt 
converges to zero. A similar observation holds for the e-regularisation term eW ■ ( ReVM|i?eVMp I. □ 


4. The uniqueness of weak solutions 

We start with a number of technical tools that are crucial for our proof. 

4.1. Littlewood-Paley theory. We define C to be the ring of center 0, of small radius 1/2 and great radius 
2. There exist two nonnegative radial functions y and belonging respectively to 'D{B{0, 1)) and to T>(C) so 
that 

j)d 


x(0+E^(2-«e) = l,VCG 

9>0 

b ~ A 5 => Supp <^(2“'^-) D Supp (p(2~'P-) = 0. 
For instance, one can take y G 'D{B{0, 1)) such that y = 1 on B{0, 1/2) and take 

'fiO = x(C/2) - xiO- 


(35) 

(36) 


Then, we are able to define the Littlewood-Paley decomposition. Let us denote by B the Fourier transform 
on Let h, h, Aq, Sq {q G Z) be defined as follows: 


h = B ip and h = B y, 

AqU = B~^{ip{2~'^^)Bu) = 2'?'^ f h{2‘^y)u(x - y)dy 


SqU = 


-1 


(x(2 =2’^‘^ J h{2’^y)u{x-y)dy. 


We recall that for two appropriately smooth functions a and b we have the Bony’s paraproduct decomposition 

m- 


where 


ab = Tab + Tbtt -I- R{a, b) 


Tgb = Sq-iaAqb, fba ='^ Sq-ibAqa, and R{a,b) = ^ AqaAq+ib. 

2e{o,±i} 


Aq{ab) = Aqtgb + AqR^a + AqR{a, b) 


Aqfab + AqR{a,b), 


Then we have 
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where R{a, b) = Ti,a + R{a, b) = ^q+^bt^qQ. Moreover: 

Aq{ab) = ^ Aq{Sq'^iaAq>b) + ^ Aq{Sq>+2bAq,a) 

\q'-q\<5 q'>q-5 

= ^ [Aq, Sq^-ia]Aq^b+ ^ Sq>-iaAqAq>b+ ^ Aq{Sq>+2bAq>a) 

\q'-q\<5 l9'-g|<5 q'>q-5 

= ^ [Aq, Sq>-ia]Aq>b + ^ {Sq'-ia - Sq-ia)AqAq>b (37) 

\q'-q\<5 |9'-9|<5 

+ H Aq(Sq,+2bAq,a)+ Sq-iaAqAqib 

q'>q-5 |9'-9|<5 

'-^' 

— Sg—iaAqb 

In terms of this decomposition we can express the Sobolev norm of an element u in the (nonhomogeneous!) 
space as: 


MH^ = {\\Sou\\l.+Y,2^‘^^\\Aqu\\l.y^ 

9eN 

These are a particular case of the general nonhomogeneous Besov spaces B^ ,^, for s € R,p, r G [l,oo]^ 
consisting of all tempered distributions u such that: 


llwlls:; 




ll(l|5ow!lL if ^ < oo 

max(|lS'oM||LP,sup^gj^2'?®||A,u||Lp) if r = oo 


which reduces to the nonhomogeneous Sobolev space 77® for p = r = 2. 
Similarly we also have the norm of the homogenous Sobolev spaces 77®: 

q& 


and the homogenous Besov spaces 77®^^ for s G M,p,r G [l,oo]^ consisting of all the homogeneous tempered 
distributions u such that: 

II II , dg I ||(E9ez2’'®*l|A,M||2p)- ifr<oo 
j sup,gz29®||A,u||iP ifr = oo 

which reduces to the homogeneous Sobolev space 77® for p = r = 2. 

Let us note that the homogeneous Besov spaces have somewhat better product rules, and this specificity 
encoded in Theorem lA.il will be very useful in our subsequent estimates. 

Furthermore we will need the following characterisation of the homogeneous norms, in terms of operators 
Squ: 

Lemma 4.1. [ Prop. 2.33] , [2] Let s < 0 and p,r G [l,oo]^. A tempered distribution u belongs to 77®^ if 
and only if: 

(2«®||V||z,p),ezGr 

and for some constant C depending only on the dimension d we have: 

< ||(2^1|^,«|Up),||r < C(1 + ^)||u||p. 

p,r |S| p,r 

We will use the following well-known estimates: 


Lemma 4.2. ( U2\/ . US}/ ) 

(i) (Bernstein inegualities) 

2-«||VVIUs < < P < oo 

c||A,m||lp < 2"‘?||A,Vu||iP < C\\Aqu\\LP,yi <p<oo 

(ii) (Bernstein inegualities) 

\\Aqu\\Lb < 2®*(-"-F)«||A,M||La, forb>a>l 
\\Squ\\Lb < 2'^^i-i'>‘^\\Squ\\Lp, forb>a>l 

(ii) (commutator estimate) 

\\[Aq,u]vUp<C2-^yu\\LpJv\\Li (38) 

with i = y + 7 ’ The constant C depends only on the function ip used in defining Aq but not onp,r,s. 
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Proof. For the commutator estimate we begin by writing 

[Aq, u]v{x) = Aq{uv){x) - u(x)Agv(x) = J h{2'^y){u{x - y) - u[x))v[x - y)Ay 

= 2 '^'^ J^ J ■^^h{ 2 ‘>y)u{x - Ty)v{x - i/)dj/|dT 

_ _2<id f f h{2'^y)y ■ Wu{x — Ty)v{x — y)dt/dr 

Jo Js.'‘ 

= -2~‘> / / h 2 <i {y) ■ Vu{x - Ty)v{x - y)dydT, 

Jo Js.'i 

where h{y) := yh{y) G S{R‘^y and h\{y) := X‘^h{Xy). Using the Cauchy-Schwartz inequality and a change of 
variables, we get 

\[Ag,u\v{x)\<2~'^ f ff \h 2 iiy)\\Vu{x -Ty)\idy') drff \h 2 <,iy)\\v{x - y)\i dy 

Jo XJR’^ j vJR'i 

^ l^29r-i(2/)l 


= 2-'? 


/o \Jr^ 

r*l 


\X7u{x - y)\pdy ] dr / \h 2 <i{y)\\v{x - y)\p dy 


R<i 


= 2 I (* |yy| p (a;) J ' (Jr (|/^2‘i I * |r^| p (x 




Taking the Lp norm in the x variable, using the Cauchy-Schwartz inequality in the x variable and convolution 
estimates we obtain 


l|[hg,'u]?;||LP < 2 


< 2"'? 


< 2-1 


riK 

L 




p 

|Vit| p (a ;)^^ dr ^1^291 * |u|p (x)^ 


',,1^2 


* |VM|p||£pdT |||/l 29 | * |W|P|| 


f 


fh: 


29t-i IILI 


dT||VM||Lr||h29|||,l||x||j 


Now, since 


<2-«||ft2-9|IE9|IV9|IIil|Vu|U5lMlLS- 

II^ 2 ->||li = /" 2-«''|h(2-«x)|dx = /" \h{y)\dy = \\h\\Li, 
Jr'^ Jr‘^ 


we finally obtain 

||[A„w]u||lp < 2-«||^|||j;i|||,||Vw||Lp||x||Lj = fhUl^-^VuUrJvUi 
so the constant in the inequality is C = ||h||Li and it does not depend on p, r, s. 

We will also make use of a Bernstein-type inequality evolving the operator Sq. 

Lemma 4.3. there exist two positive constants c and C such that 

c||(5, - Sq,)u\U. < 2-i\\{Sq - Sq,)Vu\\LP < C||(5, - 5,0w||lp,V1 < P < oo, 
for any integers q and q' with \q — q'\ < 5. 

Proof. First, we consider new localizer functions as follows: 


□ 


_J S(3<-i PqiO if ^ A Oi 

1 otherwise. 


|g-a|<io 

so that (1351) and (l36l) are satisfied with ip and x instead of p and y. Then defining the new homogeneous 
dyadic block Aq in the same line of A^, we have 


\q-3\<w 

Then the inequality turns out from (i) of Lemma [4.21 making use of A^ instead of A,. 


□ 
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4.2. The proof of the uniqueness. In this section we provide the proof of the uniqueness result for the 
weak solutions of system ([5]). The main idea is to evaluate the difference between two weak solutions in a 
functional space which is less regular than such as H~ 2 . Such strategy is not new in literature, for instance 
we recall [15] and |2^ . We now provide the uniqueness part of the proof of Theorem 11.11 


Proof. Let us consider two weak solutions (ui, Qi) and (u 2 , Q 2 ) of system ([8|). We denote 6u := ui — U 2 and 
5Q := Qi — Q 2 while 5S{Q, Vu) stands for S{Qi, Viti) — S{Q 2 , VU 2 ). Similarly, we define SH{Q), SF{Q), 
St and Sa. Thus {6u, SQ) is a weak solution of 


{ dtSQ - LASQ = SS{Q, Vit) + rSH{Q) - Su ■ VQi - U 2 • V5Q R+ x 
dtSu — ASu + V5n = L divjJr + Sa} — Su ■ Vui — U 2 ■ R+ x 

div Su = 0 M+ X R^, 

(Su, SQ)t=o = (0, 0) R^. 


(39) 


First, let us explicitly state SS(Q, Vu), SF(Q), St and Sa in terms of SQ and Su, namely: 

SS(Q, Vu) = + (fSD + Sn)SQ + (fSD + Sn)(Q 2 + ^) + (iD 2 + n 2 )SQ + SQ(fSD - sn)+ 

+ { Q 2 + -^ )ifSD — S^) + SQ(fD 2 — 112 ) — 2fSQiT(SQVSu) — 2 £_SQtT(SQVu 2 )+ 

— 2fSQ tT:(Q2VSu) — 2^( Q 2 + -^ )tr(5QVi5M) — 2fSQ tr((52 Vu2)+ 

- 2^( Q 2 + Y )tT:(SQVu2) - 2^( Q 2 + y )tr((52V(5M), 

SF{Q) = -aSQ + b{ QiSQ + SQQ 2 ) - btr{SQQi + Q2(5Q} y + -c [SQtrlQl} + Q 2 tT{SQQi + Q 2 SQ}] 

SH(Q) =SF(Q)+LASQ. 


St = -fSQ F{Qi) - ^( g 2 + y )SF(Q) - LfSQ ASQ - LfSQ AQ 2 - m ^2 + y )ASQ+ 

- fF(Qi)SQ - fSF(Q)( g 2 + y ) - LfASQSQ - LfAQ 2 SQ - LfASQ( g 2 + y )+ 

+ 2^(5gtr{giF'(gi)} + 2^g2tr{(5gF'(gi)}+ 

+ 2fg2tr{g2(5F(g)} + 2LfSQti{SQASQ} + 2L^5gtr{(5gAg2} + 2L^^gtr{g2A5g}+ 

+ 2Lf( Q 2 H —— )tr{(5gA^g} + 2L^(5gtr{g2Ag2} + 2Lf( Q 2 H —— )tr{^gAg2}+ 

+ 2Lf( g 2 + y )tr{g2A<5g} - LVSQ 0 vgi - LVQ 2 0 VSQ - Lytr{i5ggi} - Lytr{g25g} 


Sa — SQF(Qi) + Q 2 SF(Q) — F(Qi)SQ — SF(Q)Q 2 + LSQASQ + LQ 2 ASQ + LSQAQ 2 

- LASQSQ - LAQ 2 SQ - LASQQ 2 


Taking the inner product in H of the first equation with —LXASQ and adding to it the scalar product in 
of the second one by jSu we get: 




-L\\VSQf._, 


H-2 


-\\VSu\\l_^+TL^ASQ\\l_,= 


- LiifSD + Sn)SQ, ASQ) -Li{SD Q 2 ,ASQ) -L{Sn Q 2 , ASQ^-L^i^, ASQ) Ajg) 


Ai 




Cl Vi 

- L{(fD 2 + L! 2 )^g, A(5g) - L{SQ(fSD - Sfl), ASQ) -Lf(Q 2 SD, ASQ) +L(Q 2 Sn, ASQ) 


A 2 


02 


— , ASQ) +L( — , ASQ) -L{SQ(fD 2 - n 2 ),ASQ) + 2Le(<5g tr(<5gv^u), Ajg) 

C 2 'D 2 

+ 2Lf((5gtr((5gVu2), A(5g) + 2L£,{SQtT:(Q2VSu),ASQ) + 2L£,{Q2tT:(SQVSu),ASQ) 
+2Le(y tr(<5gVfe), ASQ) +2Li{SQ ir(Q2Vu2), ASQ) + 2Li{Q2 tT(SQVu2), ASQ) 


=0 
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+2Le(ytr((5QVu2), A^Q) +2Li{Q2 tr(Q2Vfa), ^SQ) +2L^(ytr(Q2Vfa), A5Q) 


=0 


Si 


=0 


Id 


+ LaVl^SQ^ A(5Q) — LhVi^Q\5Q H- ^QQ2-, A(5Q) -\-LhV{tT{5QQi H- A(5(5) 

' ^0 ' 

+ LcT{dQtT{Ql}, ASQ) + Lcr{Q2tT{6QQi + Q 2 SQ}, ASQ) + L((5w ■ VQi,A6Q) 

+ L(m 2 ■ V(5Q, A(5Q) - a^{SQQi,ySu) + b^{6QQ\, V5u) - b^{5QtY{Q\)^,V5u) 

- ci{5QiT{Ql)Qi,V5u) - ai{{ Q 2 + y )5Q, V5u) + bi{{ Q 2 + y )(Qi(5g + 5QQ2),V5u) 

- K{^^^{bQQi + Q 25 Q}, V5u) -h^{tT:{5QQi + Q2(5(5}y, V5u) -c^(( <52 + y )<5(5tr{(3i}, V(5 m) 


=0 


Id 


- c^(( Q 2 + y )Q 2 iT:{SQQi + Q 2 SQ}, V(5m) + L^{SQASQ, VSu) + L^{SQAQ 2 ,VSu) 
+mQ 2 ASQ, V^+m^,Vdu) -a^iQiSQ, VSu) + b^(( Q? _ tr{ Qf }y )SQ, VSu) 


■^3 


C 3 


Id 


Id 


- c^(QftT{ Qf }SQ, VSu) - a^(SQ( Q 2 + y ), VSu) + b^(( QiSQ + SQQ 2 )(Q 2 + y ), Vdw) 

- 6e(tr{<5QQi + Q 2 SQ}^,VSu) -b^{tT{dQQi + Q 2 ^Q}y, Vdu) -c^{dQtT{Ql}{ g 2 + y ), Vfc) 


=0 


Id 


- c^(g 2 tr{dgdgi + Q25Q}{ Q 2 + ), vdu) + L({ASQ SQ, VSu) + L^{AQ 2 SQ, VSu) 

+mASQQ 2 , VSu) +m^^,VSu) +2a^{SQtT{ Ql}, VSu) - 2b^{SQtT{ Ql}, VSu) 


Ai 


C 4 




+2b^{^tT{ Qi}tT{Ql}, VSu) +2c^(dQtr{ Qiy, VSu) + 2a^(g2tr{dQQi}, VSu) 


=0 


/ Q 2 . 


- 2b^{Q2tT{SQQi}, VSu) +2b({^tT{SQ}tT{Qi}, VSu) +2ce(Q2tr{dQQi}tr{Qf }, VSu) 

' ^0 ' 

+ 2a^(g2tr{g2^g}, VSu) - 2b^{Q2tr{Q2{ QiSQ + SQQ 2 )}, VSu) 
+26^(Q2tr{^}tr{(5ggi + ^ 2 ^^}, vdu) +2c^(g2tr{g2(5g}tr{gh: 

' ^0 ' 

+ 2c^(g2tr{g2}ti'{(5ggi + Q2<5g}, VSu) — 2L^{SQtT{SQASQ}, VSu) 

- 2mSQtT{SQAQ2},VSu) - 2mSQtT{Q2ASQ},VSu) 

- 2L^{Q2tr{SQASQ}, VSu) —2L^{—tr{SQASQ}, VSu) —2L^{SQtT{Q2AQ2}, VSu) 


=0 


,Id 


- 2Le(g2tr{dgAg2}, VSu) -2m—ti{SQAQ2}, VSu) -2mQ 2tT{Q2ASQ}, VSu) 


=0 


£2 


-2LC(ytr{g2A(Sg}, VSu) +L{VSQ 0 VQi,VSu) + L{VQ 2 0 VSQi,VSu) +L(ytr{(5ggi}, VSu) 


=0 


=0 


+L(y tr{g2(5g}, VSu) +La{SQQi,VSu) - Lb{SQ{ Ql - tr{ghy ), VSu) + Lc{SQQitT{Ql}, VSu) 


=0 


Id 


o,{Q 2 SQ, VSu) — b{Q 2 { gidg + SQQ 2 ), VSu) + b{Q 2 tT{SQQi + g2'5g}y ; VSu) 
c{Q 2 SQtT{Ql}, VSu) +c{Qltr{SQQi + Q 2 SQ}, VSu) 
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+ b{{ Qi 6 Q + 6 QQ 2 )Q 2 ,ySu) - b{tT{ 6 QQi + QibQ}—Q 2 , V(5m) - c{SQti{Ql}Q 2 , \7Su) 
-c{Q2tT{5QQi + Q 26 Q}Q 2 , ^Su) -L{5QASQ, WSu) -L{Q 2 A 6 Q, W 6 u) -L{SQAQ 2 , ^ 5 u) 

^■2 Bs 

+ L{A5Q5Q, V5u) -\-L{A 5 QQ 2 , VSu) +L{AQ 2 SQ, \7Su) — {u 2 ■ VSu, Su) — {Su ■ Vui,5u). 

' Wi ' 


Denoting 

$(t) := ii{2\)\\5umi-.n+mm)\\v^/2 

we will aim to show that $ satisfies the inequality 

where fj, is an Osgood modulus of continuity (see [5], Definition 3.1), given by 


(41) 


/r(r) := r + r In ^1 + e H—^ + r In ^1 + e H—^ Inin ^1 + e H—^ . 


(42) 


with X S apriori. We are going to find a double-logarithmic estimate, hence thanks to the Osgood Lemma 
(see [2], Lemma 3.4) and since $(0) is null, we get that $ = 0, which yields the uniqueness of the solution for 
system ([5]). 


First, let us observe following simplifications of (HOI) : 


0 — Cl C 2 C 3 C 4 — 2 ?! -|- 2^2 — 7~\ J~ 2 - 


The key method we use to obtain the desired estimates is the para-differential calculus decomposition sum¬ 
marized in the following: 

Remark 4.4. Let q be an integer, and A, B be d x d matrices whose components are homogeneous temperate 
distributions. We are going to use the following notation: 

J,HA,B) := S,,.iA]A,,B, Ji{A,B) := S,.iAA,B, 

J^iA,B) :=E|,-,^|<5(^.'-i^- JM^B) := A,(A,,A5,,+2R). 

Than we can decompose the product AB as follows 

A,{AB) = J^{A, B) + J^[A, B) + J^{A, B) + J^iA, B) (43) 

for any integer q, thanks to ill). 

Moreover from now on we will use the notation < as follows: for any non-negative real numbers a and b, we 
denote a < 6 if and only if there exists a positive constant C (independent of a and b) such that a < Cb. 


4.2.1. Estimate of Ai -f A 2 4- A 3 -I- A 4 . Let us begin analyzing the terms Ai, A 2 , A 3 and A 4 of (HDl) . First, 
we observe that 

4 

A 2 = -Li Y, 2-<i{A,{Q25D), A,A5 Q)li = E 2”’ 

gGZ i —1 

Now, when i = 1, we have 

2-^J,^{Q2,dD),A,ASQ)Li= E 2-«([A„ 5,._ig2]A,AD,A,A5Q)i2 

|g-ij'|<5 

< ^ 2-9||[A„ 5,,_ig2]A,AD|U2||A,A<5Q|li2 

\q-q'\<5 

< Y 2-2^|lA,,_iVg2||L4j|A,AD||^4j|A,Adg|U= 

|9-9'I<5 ^ 

< Y 2-«||A,,_iVg2||iAlA,,_iAg2|lijA,Au|U4||A,Adg|U. 

\q-q'\<5 

< Y l|vg2|l!.||Ag2||i.||A,An|U22-i||A,A<5g|u., 

\q-q'\<5 
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for every g G Z. Hence, we get 

5D)A,MQ)li < ||Vg2|lil|Ag2|l|,||5n|U.|lA<5Q||^ 




<\\VQ2\\U^Q2\\lASu\\l_jVSu\\l_JASQl 


(45) 


'if-f " " ' ' H 2 

< ||VQ2||i2|lAQ2||i2|15n||5^_, +C.||V(5u||5^,, +Cr.L||A<5gf^.,, 


(46) 


where we have used the following interpolation inequality: 

H 2 H2 H 2 H 2 

When i = 2, the following inequalities are fulfilled: 

SD), A,ASQ)li = H 2-'^{iS,,-iQ2 - Sg-MA^AgAD, AgA5Q)Li 

|(J-qr'|<5 

< ^ 2-^{Sg,.iQ2-Sg-iQ2)\\L^\\AqAgAD\\L2jAgA5Q\\Li 

\q-q'\<b 

< Y. ‘^-^^{Sg,.AQ2-Sg.AQ2)\\Ll\\AgAg,5D\\L2jAgA5Q\\Ll 

\q-q'\<5 

< Y ‘2-^^^Q2\\Ll\\YmLl\\\^5Q\\Ll 

< Y ‘^-'^\\Y5u\\Li‘2-HAgA5QUi\\AQ2\\Li. 

for any g G Z. Thus, it turns out that 

-Le^2-«g7,hQ2, 6D),AgA6Q)Li < HAg^Hi.|l^u||^„, + Cr,i||A5g||^_, 

(jGZ 

The term corresponding to f = 3 cannot be estimated as before. We will see that this challenging term will 
be simplified. Finally, when i = 4, we have 

2-^J^iQ2,dD),AgA6Q}Li=L2-’^ Y {\[Ag,Q2Sg,+2SD], AgASQjLi 


(47) 


q-q'<5 


< 


2-« ^ \\Ag,Q2\\L^\\Sg,+2SD\\L2jAgASQ\\Li 


q-q'<5 


<2-9 ^ 2-«'||A,,Ag2|U2|i^,,+25Z7|U2 2«||A,v5g|U2 

q-q'<5 

^ E 2 

q-q'<5 

<||Ag2|U22-^||A,v5g||i2 ^ 2^2-^\\Sg,+2SD\\i^2, 


(48) 


^ II A,, Ag2|U2 2-"^ II A,,+2577|U2 2-i II A,v5g||i2 


q-q'<5 


for any g G Z. Hence, 

-L^^2-«(y4(g2, dD),AgA6Q)Li 


< \\AQ2\\li E 2-^ II A,V5g||i2 ^ 2^1(_,^,5](g - g')2-^ ||5,,+257^11^2 


qGZ 


g'GZ 


< ||Ag2|U2||V<5g||^_i(^|^2«-«'l(_,^,5](9-9')2-"^||^,'+25^?||L|| 


qGli q'GZ 


( E I E 2"”"' l(-oo.5] {q - q') 2 -^\\Sg,+ 2 SD\\i^ 2 1") ^ 

<jGZ g'GZ 

^ (E2")(E2'^ll^9<5i^lli|)") ^ 

q<5 qGl^ 


and by convolution 
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so that 

SD),A,AdQ)Li < ||AQ2|U2||V5g||^_i||V^u|| 

<\\AQ2\\hJ\VSQ\\l_,+C4VSu\\l 

Summarizing, it remains to control 


( 49 ) 


' H~^ 




A 1 +A 3 +A 4 - L^Y.‘^-^J^{Q 2 , 6D),AgASQ)Li. 

q& 

Now, observing that 

A =-ie^2-«(A,(^i?g2), A9A<5g)i2 =A,‘A5Q)i2 


(jez 


= -LCj2^~‘'{\iQ2SD), A,ASQ}l2 = A 


2, 


we estimate Ai with the previous inequalities, so that it remains to control 

A3+A4-2L^y22-‘^J^{Q2,6D)=A3+A4-2L^y22-‘> [ tT{Sq-4Q2 AgSDAgASQ}. 

Ijez qGZ 

Now, let us consider A 3 = L^{Q 2 ASQ,VSu). We proceed along the lines used before, namely we use the 
decomposition given by (1431) : 

4 

^3 = ie^2-«(A,(g2A5g),A,v<5u)i2 A< 5 g),A,vfe)i2. 

<y£Z 2—1 

When i = 1, proceeding as for (l44l) . we have 

2 -^g 7 ,i(g 2 , ASQ),Agysu)Li < ||vg2|it.||Ag2||t. ^ \\Ag,ysQU 22 -i\\AgysuU 2 , 

\q-q'\<5 

thus, considering the sum over g £ Z as in (H51) . we deduce that 
Le^2-«g7,Ag2, A5Q),AgV5u)L2 < || Vg 2 ||i 2 1| Ag 2 ||i 2 1| V(5gf ^ + C,|| V^uf 1 + Cp.lH A^gf ^. 

<?€Z 


Proceeding as for proving (l46|) . when z = 2, we get 

2-^{jI{Q 2. ASQ),AgySu)L2 < 2-i||A,,^u|U2 2-i||A,A5g|A2j|Ag2|A2 

|qr-qr'|<5 

for every g G Z. Thus, as in (H71) . it turns out that 

Le^2-^(J-2(Q2, A^g), A,V5 u)p2 < ||Ag2||i2|lfef^_, +Cr,L\\^SQ\\l_^ 


H~2 

(50) 


(51) 


Finally, with the same strategy as for (l4^ . we observe that 

2-«(J4(Q2, ASQ),AgV6u)L2 < \\AQ2\\Li2-’^\\Ag6u\\l. ^ 2"^2-"^|l4,+2A5g|U2, 

q-q'<5 

hence, as for (H^ . we obtain 

L^J2^-HJqHQ2. ASQ),AgV6u)L2 < ||Ag2|A2jl<5u||^_x||A5g||^_^ 


( 52 ) 


<||Ag2||i.|l<5uf. 1 +C'r,L||A5gf 

^ ri 2 rl 2 

Summarizing all the previous considerations, we note that it remains to control 

A4 + L^^2-A{J^{Q2, A5Q),Agy5u)Li-2 [ tT{Sg-4Q2 AgSDAgASQ} 


qGl. 


/R 2 


— A 4 + 


V 2-9 [ [tr{5,_ig2 AgAdQAgVdu} - 2tT{Sg-iQ2 AgSDAgASQ} 

Jr2 L 
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We handle the last term A 4 arguing as for A 3 , since A 4 is given by 

4 

mAg{ASQQ2),AgySu)^_. = A^Q), Ag^Vdu)^^. 

geZ i—1 

The terms related to i = 1,2,4 are estimated similarily as ^ 3 . Hence it remains to evaluate 

L^V2-«|(X"(Q2, A5Q), Ag^V5u)L2 + f [tT{Sg_iQ2\ASQAgVSu}-2tT{Sg_iQ2AgdDAgASQ}]} = 

,ez ^ 

= 2L^V2-« [ \tT{Sg-iQ2AgASQAgSD}-tT{Sg-iQ2Ag6DAgASQ} 

ggZ 

which is a null series since the trace acts on symmetric matrices, so that we can permute their order. 


= 0 , 


4.2.2. Estimate of Bi + B 2 + B 3 + B 4 . Now we want to estimate Bi + B 2 + B 3 + B 4 , namely 


-L{SnQ 2 - ASQ) .1 - L{Q 2 A 6 Q - ASQQ 2 ,V 6 u) . 1 . 

/l 2 hz 2 

First let us consider 

4 

B2=L{Q2Sn,A6Q)^_i =LY,^-‘>{Ag{SrtQ2),AgA6Q)Li=Lj2‘^-‘>J2{j;{Q2, SQ), 

(jeZ i—1 

Proceeding exactly as for proving (1451) . (l47)) and (l4^ . with (5fl instead of 6 D, the following estimates are 
obtained: 


L^2-^(yyQ2, 5H), AgASQ)i^. < ||VQ2||i.J|AQ2||i.Jlfe|| 




aiivHiy 


r+CrM\^SQ\\l_,, 


L^2-^(j7,hQ2, Sn), AgASQ)^. < \\AQ2\\hJ\6u\\^ ^ + Cr,L\\ASQ\\ 


qGZ 




and 


LV2-9(y4(Q2, 6n), AgASQ)L 2 < \\AQ2\\l4^SQ\\l^4+CjySu\\ 

< ^ ^ ® X H 2 




Now observing that 


Bi = —L{5 VlQ2,A5Q) Q 2 ), *A(5(5)^_ 1 = L{Q 26 fl, ASQ)= B 2 , 


it remains to control 


B 3 +B 4 + 2 Ly^ 2 -‘^{J^iQ 2 , 6 n), AqASQ)L 2 = H 3 + H 4 + 2 L V 2 -« [ tr{V iQ 2 A,< 5 HA,A 5 Q}. 


9eZ 

Now, we turn to S 3 : 


-B3 = L{Q2ASQ,y6u)^_i =Lj2^-‘>{Ag{Q2ASQ),AgVSu)Li=Lj2^-‘^J2^JgiQ2, ASQ), AgVSu) 


Ll’ 


We remark that S 3 = hence the terms related to i = 1,2,4 are estimated as in (l50|) . (|CT|) and (l52l) . 

Thus it remains to control 

S 4 + LV2-«[(J,3(g2, ASQ), A,V5n)i2 + 2 [ ti{Sg-iQ 2 AgSnAgASQ}] = 

gGZ 

= S 4 + L V 2-9 [ [tr{Sg-iQ 2 AgASQAgySu} + 2 tT{Sg-iQ 2 AgSnAgASQ}]. 

gGZ 

Observing that S 4 = —^ 14 /,^ we argue as for S 3 , hence it remains to evaluate 

TV 2 - 9 |(y^ 3 (Q 2 , ASQ)Ag^VSu)L 2 + [ [tr{ ViQ 2 A,A 5 QAgVM + M ViQ 2 A, 5 HAgA( 5 Q}] | = 
g^Z J 

= 2L V 2-9 [ [tl{Sg-lQ 2 AgASQAgSn} + tT{Sg-lQ 2 AgSnAgASQ}] = 0, 

geZ 

where for the cancellation we used that Sg-iQ 2 and AgASQ are symmetric while AgSfl is skew-symmetric. 
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4.2.3. One-logarithmic Estimates. In this subsection, we evaluate the terms of (1401) which are related to the 
single-logarithmic term of the equality (HT|) . 

Estimate of {SQtT{Q 2 yu 2 }, ASQ). Let us fix a positive real number N > 0 and split the considered term into 
two parts, the high and the low frequencies: 

{SQtT{Q2Vu2}: A5Q)= {6QtT{{SNQ2)'^U2},A5Q)^_i + ((5Qtr{(y^ AgQ2)Vu2},ASQ)^_i. 

q>N 

At first we deal with the low frequencies, observing that 

{SQtY{{SNQ2)Vu2},ASQ)^^i < \\SQtT{{SNQ2)Vu2}\\^.^\\ASQ\\^_^ 

< ¥Q\\^^\\iSNQ2)VU2\\Ll\\ASQ\\^_. < \\VSQ\\^_.\\SNQ2\\Lr\\^U2hl\\A6Q\\^_., 
hence, by Theorem lA.21 we get 

{SQtr{{SNQ2)Vu2},ASQ)^_i < IIV5g||^_i (HQ^lUj + Viv||VQ2|1 l 2)||Vu2|Uj||i 

< (1 + iv)||V5Q||^_, ||(g 2 , vg 2 )||i.IIVu 2 |li. + c'riiAjgf^,,. 

For the high frequencies, we proceed as follows: 


(^gtr{(^ A,g2)Vu2},A5g)^_i < ||<5gtr{(^ A,g2)Vn2}||^-i ||A5g||^_i 

q>N q>N 

< II^QII^ilKE A,g 2 )Vu 2 ||^_il|A^g||^_i 

q>N 

< ll(gi, g2)|li.||v(gi, g2)||f.|| E A,g2|| - ||Vn 2 ||L 2 j|A< 5 g||^_. 

q>N 

< ||(gi, g2)|lij|V(gi, g 2 )|l!AE 2^\A,Q2\\Limu2\\Ll\\A6Q\\^_^ 

q>N 


< ll(gi, g 2 )|li.||v(gi, g 2 )|l!AE 2-5||A,vg2|U.)||Vu2|U.||A<5g||^„. 

q>N 

< ll(gi, g 2 )|lij|v(gi, g 2 )|l!AE 2-^)l|vg2|U.||v^.2||L=||A<5g||^_. 

q>N 

< 2-^||(gi, g2)||J.||v(gi, g2)||J.||vg2|U2||vn2||LiiiA<5g||^_i. 


Now, fixing t > 0 arbitrary, and taking N = N{t) := |"ln(l-|-e-|-l/$(t))] > 0, where [•] is the ceiling function, 
we get 

(^g(t)tr{g 2 (t)VM 2 (i)}, ASQ{t ))<11 (g 2 , vg 2 )(t)||i 2 1| VM 2 (i)||i 2 $(t) in (l -f e -t -f 
+ ll(Qi,Q2)(i)|l!2||v(gi,g2)(t)||il|vg2(t)||i2||v^.2Wlli2$(t) + c'r||A5g(t)f 

X X ^ ^ Jri ^ 

Thus we have obtained a one-logarithmic term of (1411) . Similarly, we can handle the estimate of the following 
elements: 

+2mSQtT:{dQV6u),ASQ) . _i +2mdQtT{dQVu2),ASQ) ._i -h 2L^((5gtr(g2V(5M), Ajg) ._i-H 
-l-2L^(g2 ti{SQ\7Su), A6Q) 1 + 2 L^{Q2 tr((5gVit2), ASQ) i - 2L^((5gtr{^gA(5g}, VSu) . _ i - 
-2mSQtT{SQAQ2}, VSu) . _ i - 2Le(5gtr{g2A5g}, Vfe) • _i - 2LC(g2tr{^gA5g}, VSu) • _ i - 

/i 2 /i 2 /i 2 

-2L^((5gtr{g2Ag2 }, V(5m) ^-1 - 2L^(g2tr{(5gAg2}, VSu) ■_ 1 . 

4.2.4. Double-Logarithmic Estimates. In this subsection, we perform the most challenging estimate. Now, 
we want to control £i -\- £ 2 , namely 

£i+£2 = 2L^( (g2tr{g2V(5u}, A6Q)^_i - {Q2tr{Q2A5Q), \7Su)^_i) 

= 2Li^2-'i [ ti-{ Ag{Q2tT{Q2VSu}) AgASQ - Ag{Q2tT{Q2ASQ}) AqVSu} 

q& (53) 

^ c 

= 2LeE E 2”^ / tr{ JHQ 2 , tr{g 2 VM Id) AgA5Q - JHQ 2 , tr{g2A5g} Id) AgVfe }. 

i=l q& 
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We we will see that there are elements inside this decomposition that generate the double-logarithmic term 
in (HD- We proceed by considering the indexes i = 1, 2,3,4, step by step. 

Estimate of J^. We start with the term of (15^ related to i = 1, passing trough the following decomposition; 


4 r 

E E / tr{([A„ Sq!-lQ2]^T:{Jqi{Q2, V5it)}Id) AgASQ- 


j=l \q-q'\<5 

- ([A„ Sg>-iQ2MJ^,iQ2, A(5Q)}Id) A,V5 u}. 

When j = 1, we have 

■= [ If [A,, 5g'_i(52]tr{[A,/,5g"_i(52]A,//V(5M)}Id') AqASQ+ 

- ^[Ag, 5,/_l(32]tr{[Aq/,5,//_l(32]Aq//A5Q)}Id j AgV^ltj 

< 2-«||5,._iVg2||L-2-«'|| V- 1 VQ 2 IIL-II A5g)|li2j|A,(Vfe, A5Q)\\li 

< 2-«-«'2^|i5,._ivg2lU4 2^ll V-ivg2||L42«"l|A,,,(5u, v5g)|U22«||A,(fe, vjg)|ii2, 


(54) 


which yields 

Il{q.q,q) < 2^"^ ||Vg2|U2|lAg2|U2||A,.(<^44, V 5Q)\\L.\\Aq{5u, V5 Q)\\li. 

Hence, taking the sum, we deduce that 

2^^E E E 

(jeZ \q-q'\<h |g'-ij"|<5 

<E E E 2-«2^-4||vg2|U2||Ag2|U2||A,.(^u, v^g)IU2||A,(fe, v5g)|U2 

gGZ Iq—q'|<5 \q' — q"\'^^ 

<||Vg 2 |U 2 ||Ag 2 |h 2 ^ E \\\"iSu,VSQ)hi\\AqiSu,V6Q)hi 

q& |g-i?"|<10 

< ||vg2|U2||Ag2|Usll(^u, V< 5 g)|ii 2 

< ||vg 2 |U 2 jiAg 2 |h 2 |i(fe, v<5g)||^_i ||(v5u, A5g)||, 


(55) 


(56) 




< ||Vg 2 ||i 2 ||Ag 2 ||i 2 |l(fe, ^SQ)\\l_, +CA^Su\\l_, +C'r.i||A<5gf^_,. 

Now, when j = 2 in (1541) , we remark that 

i-2{q-,q'^q") ■= J t4|^[Ag, 5,/_ig2]tr{(5,//_ig2 - 5g/_ig2) A,j/A,//V^u)}id^ A,A5g+ 

^[Ag, 5,/_ig2]tr{(5,//_ig2 - 5g'_ig2) Ag/Aq//A^g)}id^ A^v^uj 

< 2-<^\\Sq,.iVQ2\\Lr\\Sq,'-iQ2 - Sq,.iQ2\\L^\\AqAq„{W6u, Ajg) 1^21|A,(Vfe, A5g)|U2 

< 2-«||5,,_iVg2||L»2-«'||V-iVg2 - Sq,.iVQ 2 \\Lr\\Aq„{VSu, AdQ)\\Li\\Aq{V6u, A5g)|U2 

< 2-9-9'2^||5,._iVg2|U42^|l V-iVg2|lLj2«"||A,,,(fe, V(5g)|U22«||A,((5u, V5Q)\\li 
<2^-4||vg2|U2||Ag2|U2||A,.(^«, v5g)|U2|iA,(fe, vsq)\\li, 

which is equivalent to (1551) . Hence, proceeding as in (I55)) . we get 


2^^E E 2-%h9,9',9") < ||Vg2|li2||Ag2||i.Jl(fa, ySQ)\\l_, + a||V^u|l, +Cr.L||A5g|| 


\q—q'\<5 

\q'-q"\<^ 


\u- 
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Concerning the term of (IMl) related to j = 4, we have 

2 ll(g,g',g") := J tr|^[A,, 5 ,/_i( 32 ]tr{A,/( A,//Q 2 < 5 g"+ 2 Vfe)}Id^AgAi 5 Q- 

- ^[Aq, Sq>-lQ2]tT:{Aq'{AqnQ2Sq»+2^SQ)}ld'^AqVduj 
< 2 -‘^\\Sq,.lVQ 2 \\Lr\\AqiAq„Q 2 Sq„ + 2 VSu, Aq„ Q 2 S q„+ 2 ASQ )\\Aqi^Z Su, A5 Q)\\lI 
< 2 -<l\\Sq,.lVQ 2 \\L^ 2 ^Aq{Aq„Q 2 Sq.+ 2 V 5 u, Aq„Q 2 Sq„+ 2 ASQ)\\Ll\\Aq{VSu, ASQ)\\li (57) 

< ||5,._iVQ2|U-II VQ 2 ||L||IV+ 2 (Vfe, A5Q)|A2j|AAVfe, A<5Q)|A2 

< \\Sq,.,VQ2\\L^2-^‘^''\\Aq,,AQ2\\Li\\Sq,>+2{y6u, A5g)|U2||AAV^u, A^g)|U2 

< 2-29"2«'||5,,_ivg2lU2j|A,,,AQ2||L22 «"||v+2(<5w, v^g)|A2|iA,(vfe, A5Q)\\li 

< 2<i'-<^''\\VQ2\\Li\\AQ2\\Li\\Sq"+2{5u, V<5Q)|A2|1AAV(5«, ASQ)\\i ^2 

Hence 

E E 2 -%l(g,q',q")< 


< 


< 


ijGZ \q—q'\<5 q">q'—5 

\\VQ2\\Li\\AQ2\\LiJ2^-^\Aq{V6u,ASQ)h2 J2 2^2-^\\Sq.+2iSu, VSQ)hi 

(jeZ [ 9 —<?'l<5 q">q'—5 

\\VQ 2 \\Li\\AQ 2 \\LiJ 2 ^-^\\i^Su, A<5g)|U2 ^ 2 ^ 2 -^\\Sq.+ 2 iSu, VSQ)\\l 2 

q^Ia q">q—l{) 


(58) 


<||vg 2 |U 2 ||Ag 2 |U 2 |i(vfe, A<5g)||^_i 


[E I E 2 ^ 2 -^||v+ 2 (< 5 «, v^g)|U 2 

qGZ q—q"<lQ 


< 


||vg 2 |U 2 ||Ag 2 |U 2 |i(vfa, A<5g)||^_i ( ^ 2t) (^2-«llA(<5^r, V5g)|i 


q<10 




< l|vg 2 ||L 2 |iAg 2 |U 2 |i(vfe, A<5g)||^_i ||(fe, vsq)\\^_. 


< 


l|vg2lli2||Ag2||i.|i(5u, V5g)f i +cjy6u\\l_,+Cr,L\\ASQ\\^^_ 


Concerning ([54]), it remains to control the term related to j = 3. We fix 0 < £ < 5/6 and we consider the low 
frequencies q < N, for some suitable positive A > 1 (so that 1 + y/N < 2'/N): 


^3(9a'):= [ 
J Mq 


= / trH[A,, 5q'_ig2]tr{5q'_ig2 A,/V5u}id) AgAjg- 


- (^[Aq, 5'g/_ig2]tr{5'g/_ig2 A,j/A5g}Id^ AqVfej 
<2-«||5g._iVg2|l g\\Sq.-iQ 2 Aq,ySu, Sq^-iQ 2 Aq,ASQ\\ ^||AAVr5M, A5g)|U2 
< I15,._ivg2|l |||5,._ig2||Lso2-«||A,,(vfe, A(5g)|| ^nA^v^, A,5g)|A2. 

Lx Lx ^ 

Thanks to Theorem lA.2[ we get 

I|5,<-iQ2|Us“ ^ (1 + V7^mQ2, yQ2)\\Li < (1 + VA)||(g2, vg2)|U2 < VA||(g2, vg2)||L2, 

hence I 3 (<?, q') is bounded by 

13 ( 9 , 9 ') < v^ll(g2, vg2)|Lj||(g2, vg2)||L2||A,,(fe, vsq)\\ ^||A,(v5m, A5g)|U2. ( 59 ) 

Lx Lx 

Now, we will need the following inequality, which will finally lead to the delicate double-logarithmic estimate: 

II(Q2, vg2)|L2 < E||(Q2, vg2)||L2||(vg2, Ag2)|i^r, 

Li y/e 

This is a consequence of Lemma [A.31 imposing p = 1/e, where C is a positive constant independent of £ and 
g 2 . We will see that the double-logarithmic term comes out of a suitable choice of £ in terms of N. Again, 
using Lemma lA.31 we have 

|A,,(fe, V<5g)|l_^ < -^JAq,{5u, VdQ)\\]-,^\\Aq,iWSu, A<5g)||i. 


2 < 

1 - £ 


< 6C||A,A<5w, V(5g)|l/r||A,,(Vfe, ASQ)\\l., 


since e < 5/6. Hence (l5^ becomes 
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^ 3 ( 9 , 9 ') < /f II(Q2, VQ2)|lif ||(VQ2, AQ2)llirx 

x||A,.(fe, VSQ)\\l-J\\A,,{VSu, A<5g)||i.|lA,(Vfe, A5Q)\\l., 

thus, since ab < + ^^/(i+e)^ we deduce 

/ N\ g— 2(l + e) 

13 ( 9 , 9 ') < (-) ■ 11(02, vq2)|I4-' II(vQ2, aq2)||4iia,,(5u, v<5g)||4+ 

+ inin{a, Cr}||A,,(V^u, A^Q)|| J||A,( Vfe, A6Q)\\]^ 

<(-) ■ 11(02, Vg2)||4-^ \\{VQ2,AQ2)\\h\\A,,iSu,VSQ)\\l.+ 

+ min{a, Cr}(||A,,(V5u, A6Q)\\l. + \\Ag{W6u, A5Q)\\l.^. 

Imposing e = (1 + In A^)“^ and observing that jA = 1 + 1/ hr TV 

TVT^ = TV TVi^™" = eTV, e“ = e“^e“ = (1 + In N)e^^ (1 + hr TV), 

we obtain: 

13 ( 9 , 9 ') < A(l + lnTV)max{||(Q 2 , V02)||4, l}||(V02, Ag2)||i2|lA,,(5u, V5Q)\\% + 

+ min{a, C'r,L}(||A,,(V,Iu, A,5g)|l4 + A5g)|l4), 

which yields 

^ ^ 2-%i(9,9') < A(i + inTv)max{||(g 2 , vg2)||4,i}||(vg2, Ag2)||4ii(fe, V(5g)f^„,+ 

q<N \q — q'\<5 

+ +Cr.L||A<5g||^_,. 

For the high frequencies, namely for g > TV > 1, we proceed as follows: 

4 ( 9 , 9 ') < 2-9|4,,_ivg2|h~|4,,_ig2 A,,v<5u, 5,,_ig2 A,,A5g|ii2|iA,(v<5u, A5g)|ii2 

< 2 -«(l + vV)ll(vg2, AQ 2 )\\Li\\Sg'-iQ 2 \\L^\\K'('^Su, A<5g)|li2j|A,( Vfe, A<5g)|U2 

< 2-9(1 + vV)'ll(vg2, Ag2)|U2|i(g2, vg2)|U2|iA,,( vfe, A<5g)|ii2|iA,( vfe, A<5g)|ii2 

< g'||(vg2, Ag2)|U2|i(g2, vg2)|U2|iA,,(vfe, A<5g)|ii2jiA,(5u, v5g)|U2, 

which implies 

^ ^ 2 -nUq,q') 

q>N \q—q'\<5 

^ E E 2-Vll(vg2, Ag2)|h2|i(g2, vg2)|h2|iA,,(V(5u, A,5g)|U2|iA,(fe, v5Q)\\l. 

q>N \q—q'\<b 

<||(vg2, Ag2)|h2|i(g2, vg2)|h2|i(fe, vjg)|ii2|i(v5u, A5g)i4_i ^ ^ 2 -h+Wq' 

q>N \q—q'\<b 

< 2-f ||(vg2, Ag2)|U2|i(g2, vg2)|U2|i(fe, V(5g)|U2|i(vfe, asq )\\^_.. 

Summarizing, we get 

^ ^ 2 - 94 ( 9 , q') < TV(1 + inTV) max {||(g2, vg2)||i2 ,1} ||(vg2, Ag 2 )|| 4 IKV( 5 g , + 

gGZ \q—q'\<5 

+ 2 -^ll(vg 2 , Ag 2 )ih 2 |i(g 2 , vg 2 )ih 2 ||(ui, U 2 , vgi, vg2)||4 +ai|v<5uf ^ +Cr,L||A(5gf 

X X X £12 Jri 2 

(61) 
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Choosing N = N{t) := |"ln(l + e + l/$(t))] (thus e < 1/(1 + lnln{l + e}) < 5/6) where with f-] we denote 
the ceiling function, relation (EH) implies 

qGZ \q—q'\<5 

<max{||(Q 2 , VQ 2 )||i 2 ,l}||(VQ 2 , AQ 2 )||i 2 |l( 5 u, VJQ)|| 5 ._,ln(e+^)(l + lnln(e+^))+ 

+ ||(vg2, AQ2)\\U\{Q2, VQ2)\\h\\{ui, U 2 , VQi, VQ2)\\lMt)+C,\\V5uf , +Cr.L\\ASQ\\l_r. 

X X X rl 2 H 2 

Estimate of Now, we handle the term of (l53l) related to i = 2, namely 



( Sg'-lQ2 - Sq-lQ2 )tT{AqJ^,(Q2, ASQ)}AqVSu}. 


When j = 1, we have 

l!iq,q\q'') := [ tr|( - V 1 Q 2 )tr{A,( [A,,, V- 1 Q 2 ]A,,, Vfe )}A,A<5g+ 

JR2 ^ 

- {Sqi_lQ2 - Sq_lQ2 )tr{Ag( [Aq,, Sq» _lQ2]Aq" A6Q)}AqVdu^ 

< \\Sq,.iQ2-Sq.iQ2\\L^\\Aq{[Aq,,Sq„.iQ2]Aq„{ySu, A^g) ) || A, (V^U, A^g)|U2 

< 2 -^| 15 ,._iVg 2 -ViVg 2 ||L 425 ||A,([A,.,V-iQ 2 ]A,..(V, 5 n, A, 5 g))||^ 4 ||A,(V, 5 n, A5Q)U. 

< ||Vg2|k42-^'|lV-iVg2||L4j|A,»(V5n, ASQ)hi\\AqiVSu, ASQ)hi 

< 2-'^'+'^"+^VQ2\\Ll\\AQ2\\Ll\\Aq.i6u, V6Q)h.J\AqiSu, VSQ)h2. 

Since \q — g'l < 5 and \q' — g"| < 5 then —q' + g" + g ~ 3g"/2 — q'/2, so that the last inequality is equivalent 
to (l55ll . Hence, proceeding as in (l56ll . we get 

2LeE E < ||Vg2||i.||Ag2||i.|l(fe, ySQ)\\l_, +C4VSu\\l_, +Cr,L\\ASQ\\l^,. 

qG^ \q—q'\<^ 

\q-q''\<5 


When j = 2, we observe that 

■= [ t'r\{Sqi-lQ2 - Sq-lQ2)tT{{Sqii-lQ2 - Sq'-lQ2)AqiAqny5u}AqA6Q+ 

— ( Sqi-lQ 2 — Sq-lQ 2 )tr{ (5^'/_ig 2 — g 2 ) Ag/Ag//A^g }AgV5lt| 

< ||^,'-ig2 - Vig2||L-|IV-lQ2 - 4--ig2||L-||AgAg,,(V5u, ASQ)\\Ll\\Ll\\Aq{W5u, A5 Q)\\lI 

< 2-^||5g,_ivg2 - Vivg2||L4jiV-ivg2 - 5g,_ivg2|U4|iAg„(vJu, A^g)|U2||Ag(v5u, asq)\\li 

< 2i+^\VQ2\\%JAq„i6u, V6Q)\\Li\\AqiSu, AdQ)\\L2 

< 2^+^||vg2|U2||Ag2|U2||Ag,(5u, vjg)|ii2||Ag(<5^r, v<5g)|ii2. 


Since |g — g'| < 5 and \q' — q"\ < 5 then g'/2 + g/2 ~ 3g"/2 — q'/2, so that the last inequality is equivalent to 
(1551) . Hence, proceeding as in (1551) . we get 


2L^ 


E E ^ 

\q—q'\<b 

W-q"\<^ 


'-nl{q,q',q") < ||vg 2 ||i 21 |Ag 2 ||i 2 jl(fe, vjg)|||_ 


a||V5n|||_4 


■Cr.LllA^gil 




When j = 4: 



5 g'_ig2 - 5'g_ig2 )tr{ Ag/( Ag//g 2 ^g"+ 2 V^U) }AgA^g + 


- (5g'_ig2 - Sq_lQ 2 )tr{ Ag/( Ag//g25g//+2A^g) }AgV5u| 

< ||5g^-ig2-Vig2||L-llE( VQ2V+2 (v5u, A5g))||i2j|Ag(v^u, A^g)iU2 

< 2«'||5g-_ivg2 - Vivg2||L2|iAg,(Ag,,g2V+2(vfe, A5g))|iii||Ag(vfe, A5g)|ii2 
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< 2^ ||VQ2|U.||A,.AQ2|U.|1V+2(<5«, V<5Q)|U.||A,(Vfe, MQ)Ui 

< 2‘>'-<^"\\VQ2\\liW2\\li\\S,'’+2{5u, y6Q)\\Li\\Ag{VSu, ^5 Q)\\li, 
which is equivalent to the last inequality of (1571) . Thus, arguing as in (1551) . we deduce 

E 2-%h9,9',9") < llVQ^IlijIlAQ^Ili^JK^u, V<5Q)f +C.||V^uf , +Cr,L||A,5Qf 


\q—q'\<b 
q >q -5 

When j = 3 we fix a real number N > 1 and we consider the low frequencies q' < N as follows 

ll{q,q'):= f tr|( 5 ,/_iQ 2 - )tr{ A,( 5',/_i(52 A,/V(5u) }A,A(S(5+ 

JS.2 '' 

- ( Sqi-lQ 2 - Sq-lQ 2 )tr{ Ag( ^q'_lQ 2 Agi ASQ )}A,V(5m| 
<\\S,,_iQ2-S,_iQ2\\l^\\A,{S,,_iQ2 A,,{y6u, ASQ))}U.J\Ag{V6u, A6Q)h2 
<2-<i\\Sg,_,AQ2 - Sg_,AQ2\\Li\\Sq>-iQ2\\L^\\Ag,{WSu, ASQ)\\li\\A,{VSu, ASQ)\\li 
< \\Sq,.iAQ2 - Sq.iAQ 2 \\Li\\Sq^-iQ 2 \\L^\\Ag,{WSu, A(5Q)|U2||A,(fe, WSQ)Ui. 

If g' < 1 then \\Sq'-iQ 2 \\L^ < 2^\\Sq:-iQ2\\Ll < IIQ 2 IIL 2 , while if 1 < q' < A we have 

II^,'-iQ2||ls= < (IIQ 2 IILJ + vV^I|VQ2||l=) < {\\Q2\\lI + VN\\yQ2\\Lll 
thanks to Theorem lA.21 Therefore, we deduce that 

Xl{q,q') < ||Ag 2 ||LhllQ 2 ||L? + VA||VQ 2 ||L 2 )||A,,(Vfe, ASQ)Ui\\Aq{Su, VSQ)hi 


(64) 


< (l+A)||AQ 2 |li 2 |l(g 2 , Vg2)||i2||A,(5n, W5Q)\\h +C4Aq,WSu\\l2 +Cr.L\\Aq,ASQ\\l 2 . 


Hence 


^ ^ 2-%hgA')<(i + ^)l|Ag2|li2|KQ2, vg2)||i.|i(fe, V5g)f^„,+ 

q'<N |g^ —g|<5 

+ a||V^uf 1 +Cr,L||A5gf 


(65) 




1 . 


For the high frequencies q' > N we get, 

< \\Sq,.,Q2-Sq.,Q2\\L^\\A,{Sq,.,Q2 \,{ysu, A<5g))}|U2||A,(V5n, A6Q)\\li 

< 2-^Sq,-iAQ2 - ViAg2|U2||,5,._ig2||L~||A,,(V5n, A5g)|U2||A,(V5n, ASQ)Ui 


< 2—||Ag2|hhl + vV^)ll(C 2 , Vg2)|h2||A,,(5n, V6Q)\\L2j\iVSu, AdQ)\\ 

< (1 + x/7^)||Ag2|h2|i(g2, vg2)|U2|i(fe, 6Q)hi\\{ySu, A<5g)||^_i, 


( 66 ) 


H~2 


therefore 


^ ^ 2-nl{q,q')<2-^\\AQ2\\Li\\yQ2\\Li\\{Su, <5g)|1 ^ 2 11 (V^u, Ajg)||^ 

q'>N \q—q'\<h 




<2-2^l|Ag2|ii.||vg2|ii2|i(fe, <5g)||i.+ai|vHlt^i TCr.LllA^gf 

XX X H 2 H 2 

Summarizing (1551) and (1571) . we get 

^ ^ 2-%h9A')<(i + A)||Ag2|ii.|i(g2, vg2)||i2|i(fe, V5g)f ,+ 

q'el, \q' — q\<b 


(67) 


( 68 ) 


•)-2Ar 


l|Ag2||i2||vg2||i2|i(fe, <5g)||i; + ai|v^u|| 




■crA^mi 




Now we define N := |"ln{e+ l/$(t)}/2], obtaining 


^ ^ 2-nl{q,q') < ||Ag2(t)||i.|i(g2, vg2)(t)||i2ji(5n, w5Q{t))\\l^, +c4wsu{t)\\l^,+ 

gCZ \q' — q\<5 

+ Cr,L||A<5g(t)f^_. +||Ag2(t)||i.||Vg2(t)||i2||(5n, <5g)(t)||i.(l + ln(e+^)). 


(69) 
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Estimate of Now, let us deal with the term of (1551) related to i = 3, namely 

f tr{5q_iQ2tr{Aq((52V(5M)}AgA(5(5 - 5g_i(52]tr{Ag((52A(5Q)}AgV5u } = 

]R2 

^ r . 

= ^ / tr{ Sg-iQ2tT{J^,{Q2, 'VSu)}AgAdQ - Sg-iQ2ti{Jji,{Q2, A5Q)}AgV(5u }. 

Jk.2 


( 70 ) 


Let us consider j = 1 and define 

I^{q,q) := ( tr|5g_l(52tr{[Ag, 5g'_l(32] Ag' V(5m)} A, AJQ - 5g-lQ2tr{[Ag, ;5g'_lQ2] Ag'AJQ)} AgVJwj . 

7r2 ^ 

We proceed as for proving (l60l) : we fix a positive real e G (0, 5/6] and we consider the low frequencies q < N, 
for a suitable positive A > 1. 


t3 

-^1 


(<7)90 = [ tr(‘5g-l(32tr{[Ag, 5g/_l(32] Ag/ V(5u}AgA5Q - 5g_l(52tr{[Ag, 5g<_l(52] Ag/A^QlAgVfej 

JR2 '' ^ 

<2-«'||ViQ2||L»||^g'-iVQ2|l 2\\Ag,{VSu, A5Q)|| 2 ||Ag(V5n, ASQ)\\l2 

L£ 

< (1 + VA)2«-«'||(Q2, VQ2)||L2||,Sg,_iVQ2|l 2 ||Ag,(5 m, vjg)|| 2 ||Ag(V5M, A5Q)|1 z,2 

X r6 r-t — £ 2- 

A, 


< ^r-\\{Q2, Vg2)|lL2|lV_lVQ2rL2|15g._lAQ2||irx 

c ^ 

x||Ag,(5M, V5Q)|l[r||Ag,(V5M, A5g)||i.||Ag(V5M, A5Q)|U2, 
which is equivalent to the last inequality of (1601) . Hence, arguing as for proving (I62p . we get 


^ ^ 2-nl{q,q') 

q& \q—q'\<^ 

< max{||(Q 2 , VQ 2 )||i 2 , l}||(vg 2 , Ag 2 )||i 2 |1(5m, V5g )||5. _ ^ In (l + e + (l + Inin (l + e + ^)) + 
+ ||(vg2, Ag2)||i2|i(g2, vg2)||i2||(Mi,M2, vgi, vg2)||i2$(t) + ai|v5Mf i +Cr,L||A5gf 

X X X rl 2 2 

Further on, when / = 2 in (1701) , let us consider the low frequencies q < N: 

ll{q,q')-= f tTiSq-lQ2tT{{Sg>-lQ2-Sq-lQ2)AgAg,ySu)}AgASQ+ 

JR2 '' 

- Sg^lQ2tT{{Sq>_lQ2 - 5g_ig2) Ag/ Ag/ A5g)}AgV5M| 

< ||ViQ2lU-ll*5g'-ig2-ViQ2||Lso||AgAg,(v5M, A5g)|ii2j|Ag(v5u, A5g)|li2 

< ||ViQ2lU-ll*5g'-iAg2-ViAg2|ii2||Ag,(v5u, A5g)|U2||Ag(5M, v5g)|U2, 
which is as the last inequalities of (1051) (recalling that q ^ q'). Moreover for the high frequencies q > N 

< IIViQ2||L-||^,'-ig2 - Vig2||Lso||AgAgK v5m, A5g)|ii2j|Ag( v5m, A5g)|li2 

< {l + ^/^)\\{Q2, VQ2)\\Ll2-^Sg>-iAQ2 - Sg-iAQ2\\Llx 

x||Ag(V5u, A5g)|li2jlAg(V5u, A5g)|U2 

< (1 + v^)l|Ag2|U2ji(g2, vg2)|lL2ji(5M, v5g)|U2|i( v5m, A5g)||^_i, 

which is the equivalent to the last inequality (1001) . Hence, arguing as for proving (1001) . we get 


^ ^ 2-‘>ii{q,q') < ||Ag 2 (t)|ii 2 |i(g 2 , vg2)(t)|ii2|i(5u, v5g(t))||^_, +c.||v5M(t)||5^_,+ 

geZ \q' — q\<5 

+ Cr,L||A5g(t)||J^_. + ||Ag 2 (t)||i 2 ||vg 2 (t)||i 2 |1(5m, 5g)(t)||i.$(t)(l + in (l + e + ^)). 
Now, when j = 3 in (1701) , we observe that 

2 ^ 3 ( 9 ) •= J |tr{ 5g_ig2AgV5M}tr{ 5g_ig2AgA5g } - tr{ 5g_ig2AgA5g}tr{ 5g_ig2AgV5M}| = 0, 
for any g G Z. 
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Thus it remains to control the j = 4 term, namely 

■= [ \Sq^lQ2tr{{Ag{Aq^Q2Sq>+2'^Su)}AqASQ - Sq^lQ2tT{{Aq{Aq^Q2Sg>+2^SQ)}AqVdu 
Js .2 '' 

< |1ViQ2||l~||A,(A,,Q25,'+2(V(5u, A(5Q))|U2||A,(Vfe, ASQ)\\l2. 

At first let us consider the low frequencies q < N, with N > 1: 

lUq.q') < (l + yiV)||(Q2, VQ 2 )\\Ll\\^q'Q 2 \\L^\\Sq,+ 2 {VSu, A5Q)\\i^2jAq{y6u, A6 Q)\\li 

<{l + VN)\\{Q2,VQ2)\\Ll2-‘>'\\Aq,AQ2\\Li\\Sq>+2iy6u, A5Q)|U21|A,(Vfe, ASQ)\\i^2 

< (1 + VN)\\VQ2\\Ll\\^g’^Q2\\Ll\\Sq'+2{Su, V5Q) 1^2 || A, (Vfe, ASQ)\\l2 

< (1 + VN)2^\\yQ2\\Ll\\^g'^Q2\\LlUSu, VSQ)\\^_. ||A,(V5w, ASQ)U2, 

which yields 


^ ^ 2-'^lUq.q') 

q<N q'^q—5 

<{l + VN)\\{Q2,VQ2)\\LlUSu,VdQ)\\^_^ E 2A-9||A,,AQ2||L2|lA,(Vfe, A<5Q)|li2 

q<N q'>q—5 


< (1 +VA)||(g2, vg2)||L2|l(<5^x, V5g)||^_i E2'^II^Av^u, asq)Ui E 2^||A,.Ag2|U2 

qGZ q'^Q—5 

< (1 + VA)||(g2, vQ2)\\Li\\iSu. V5g)||^„i X 

(E IE2^1(-oo. 5](<?- g')llA,Ag2|U21^11 {wsu, A5g)||^ 


H~2 


<?'GZ qGZ 


thus by convolution 

E E 2 -% 3 (g^q')(i + ^)||(Q 2 ^ vg 2 )|h 2 ||Ag 2 |h 2 |i(fe, v^g)||^_i||(vfe, A< 5 g)||^_i 

q<N q'^q—5 

< (l + fV)||(g 2 , vg 2 )||i 2 ||Ag 2 |li.|l(fe, V5g)||^_, +C.||VHlEi +Cr.L\\A6Q\\l_,. 

For the high frequencies, q > N, 

E E 2 -%^(g,g')< 

q>N q'^q—B 

^E E 2 -«(i + y^)|IVi(g 2 , vg 2 )|h 2 j|A,-g 2 ||L~|| 5 ,.+ 2 (v^M, AdQ)\\Li\\Aq{ySu, asq)\\l 2 

q>N q'^q—5 

< \\{Q 2 , vg 2 )|h|ll(vfe, A< 5 g)|A 2 ^ 2-^(1 +v^) E 2 "^||A,,vg 2 |U 2 2 -^ll 5 ,^+ 2 (v 5 u, asq)Ui 

q^N Q'^q~^ 

< II(Q 2 , vg 2 )|hj||(vfe, A< 5 g)|A 2 |i(v 5 u, A 5 g)||^_i 2 -^(E I E 2 "^||A,,vg 2 |Uj|')h 

q'>q—5 

so that, by convolution 

E E 2 -%'(g,g') < 2 -^||(g 2 , vg 2 )|h 2 j|vg 2 |h 2 j|(v 5 u, A 5 g)|U 2 ||(vfe, a 6 Q)\\^^^. 

q>N q'>q—5 

Summarizing, we get 

E E 2 -%'(g,g') < (i + fv)||(g 2 , vg 2 )|li 2 ||Ag 2 ||i.|i(fe, V 5 g)f ^ +c 4 ysur ,+ 

> * ' * a; X li 2 11 2 

qGZ 5 

+ Cr,i||A5gf , +2-2^ll(g2, vg 2 )ih 2 ||vg 2 ||i 2 ||(vfe, A6Q)\\12, 

XI 2 XX X 


which is similar to (1551) . hence we can conclude as in (155)) . 
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Estimate of Now, we handle the last term of (1551) . which is related to i = 4, namely 

[ tT{Aq[AqiQ2tT{Sqi+2{Q2ySu)}]AqASQ-Aq[Aq>Q2tT{Sq'+2{Q2ASQ)}]AqySu} = 

^ ^ L tr{ A, [ A,/(52tr{ A,/ ((52 V(5u)} ] AqASQ - A, [ Aq,Q 2 tT{Aq^ {Q 2 ASQ)} ] AqVfe} 


q'<q-5 q"<q' + l 
4 


^ ^ L tr{Ag[ A,/(52tr{j7'g„((52, V(5 m)}] AqASQ- 

j=lq'<q-5 q''<q' + l -'^2 

- Aq[Aq>Q2tr{J^„{Q2, A(5(5)}] A,V(5u}. 

First, we consider the term related to j = 1, that is 

■ = [ tr| Aq[A 5 /( 52 tr{[Aq//, 55'"_l(52] Aq///V^u}]AqA(5(5 + 

JR2 '' 

- Aq[ Aq/(52tr{[A,j», Sq>i>_lQ 2 \Aq,>AdQ}]AqV 6 u I 

< ||A,[ A,/(52tr{[Ag//, Sq'>'-lQ 2 ] Aq»'(ySu, A(5(5) }]|li2||Aq(V5'U, AdQ)\\Ll 
<29||A,[A,,g2tr{[A,., V'-iQ2] Aq'H^Su, A5Q)}]|Ui||A,(Vfe, ASQ)\\l2 

< 2«-«"||A,,Q2||ls=II V'-iVQ2||l2||A,.av5u, A5g)|ii2||A,(v^u, a^q)|U2 

< 2«-«'-«"||A,,AQ2|1l 2J1 V'-iVg2||L2|lA,,,AV5n, ASQ)\\Li\\Aq{VSu, ASQ)\\li 

< 2«-^'-«"+«"'||Ag2|U2||vg2|li2jlA,»,(^«, VdQ)\\L.JAqiV6u, A6 Q)\\li. 

Hence, taking the sum in q, q', q" and q'" (and observing that \q" — q"'\ < 5), we get 

E E E E 

gGZ <7'>g—5 q"<q' + l \q'” — q"\<b 

< ||vg2|U2||(vfe, A<5g)||^_i y] 2i-^'||A,,Ag2|U2||A,.(fe, vsq)\\l. 

q, q', q" 

<l|vg 2 lUj||(vfe, A,5g)||^_iy]25 y] 2 -^' y] 2^||A,,Ag2|U|2-V||A,.(5«, v5g)IU2 

q& 5 q"<q' + l 

||vg2|U2||(v5n, A5g)||^_i 2-V||A,„(5«, V5g)iu. yy 2V-9'||A,,Ag2|U2 yy 2i 

q"£Z q'>q" + l 9<9'+5 


< 


< 


< 


||vg 2 |U 2 ||(vfe, A5g)||^_i y] 2-y||A,.(5u, v5g)|U2 y] 2 


"2 2 ||A,/Ag2|iL2 


q"GZ 


q'>q"-\-l 


||vg 2 |U 2 ||(vfe, A, 5 g)||^_i||(fe,v^g)||^_i(yy I y] 2 ^ 


|A„,Ag: 


2|lL? 


(j"eZ q'>q" + l 

< ||vg2|U2||Ag2|U2||(vfe, ASQ)\\^_^\\{du, v<5g)||^_i 

< ||Vg2||i.|lAg2||i.|l(^u, VdQ)\\l_,+C4VSu\\l^,+Cr,L\\ASQ\\l_,. 


2 \ i 


(71) 


(72) 


(73) 


When j = 2 in m, we observe that 

^q'") '■= [ A,[A,/g2tr{(55///_ig2 - 55//_ig2) Aq^Aq/^vfeljAgA^g- 
iRa '• 

- A, [ A,/g2tr{(5,/»_ig2 - Sq::^iQ2) A,//A,». A(Sg} ] AqVSu | 

< ||A,[ A,/g2tr{(5,/»_ig2 - 5q»-ig2) Aq/.Aq///(V(5M, A(5g) }] | 1 l 2 ||A5(V(5m, A 6 Q)\\l 2 ^ 

< 2«||A,[ A,,g2tr{(V,_ig2 - V-ig2) A,,A,., {V6u, A6Q) }] |Ui || A,(v,5m, A5Q)\\li 

< 2'^|| Aq/g2||L~ l|(.5q'/'_ig2 — Sqii-lQ2)\\Ll\\^q" ^q'" A(5g) 11^2 || Ag(V(5u, A5Q)\\l,2 

< 29-9'-9"||A,,Ag2|U2||(V-iVg2 - V-iVg2)|U2||A,„(V5n, ASQ)U 2 j\Aq{ySu, ASQ)h 2 

< 2«-«'||A,,Ag2|U2||vg2|U2||A,.(^^^, v6Q)hi\\Aq(ySu, A<5g)|U2, 
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which is equivalent to the last inequality of (17^ (since \q" — q"'\ < 5). Hence, arguing as for proving d75|) . 
the following estimate holds: 

E E E E 

geZ q'>q—b q"<q'-\-l \q'" —q"\<^ 

< WVQ^WhjAQ^WhjiSu, V^Q)f , +a||Vfef , +Cr.L||AdQf 
Now, let us analyze the term in (ITT!) related to j = 3. Assuming q" < N for a suitable positive N, we get 

■= [ tr{Aq[AqiQ2tT{Sqii-lQ2AqiiySu}]AqASQ - Aq[Aq,Q2tT{Sqii-lQ2Aq»ASQ}]Aqy5u} 

J M.2 

< \\Aq[Aq>Q2tT{Sq»-lQ2Aq»{VSu, A(5Q)} ] ||i2 || A5(V(5-«, ASQ)\\l 2 
<2'^\\Aq[Aq,Q2tT{Sq..iQ2\'>iV6u, A(SQ)}] |11A,(V,5m, A5Q)\\l2 

< 2^Aq,Q2\\Li\\Sq,,-iQ2\\L^\\Aq„{y5u, A<5g)|^211A,(V(5u, A5Q)\\li 

<2^Aq,Q2\\Liil + ^)m 2 , VQ2)\\Li\\Aq.{V5u, A,5Q)|U2||A,(Vfa, A5Q)\\li 

< {1 + ^)2^ + "-^-^^'\\Aq,AQ2\\Li\\{Q2.yQ2)\\Ll‘^-^\\Aq„{V5u, ASQ)\\Li\\iVSu, A5Q)||^„i 
Hence 

E E E 2-^^I('7>9',9")<(1 + VA)II(Q2, VQ2)|U2||(V^u,A5g)||^_ix 

q"<N q'>q" — l 

X ^ 2-^-^\\Aq„{Su,ySQ)hi E 2^-2?'||A,,Ag2|lL| ^ 2i 

q"<N q'^q" — ^ q'^q'-\-^ 

<il + VN)\\iQ 2 ,VQ 2 )\\Ll\\i^Su,A 6 Q)\\^^. ^ 2-^\\Aq„{ 6 u, VSQ)hi ^ 2^"^||A,,AQ 2 IU 2 

q"<N q'>q"-l 

<(i + yiv)||(Q 2 ,vQ 2 )lh=||(vfe, A<5g)||^_i||(5u,v5Q)||^_i(^ | ^ ||A,.Ag 2 |U 2 

g”GZ q'>q" — l 

<(i + y]v)||(g2, vg2)|h2||Ag2|h2j|(v^u, A^g)||^_i||(fe, vjg)||^^i. 

Considering the high frequencies q" > N 

Il{q,q\q') < ||A,[A,,g 2 tr{VQ 2 A,»(V^u, A5g)} ] IU 2 1| A,(Vfe, A5g)|li2 
< 2 «||A,[A,,g 2 tr{vg 2 Aq„{v6u, Adg)}]|Ui||A,(5u, wsq)\\li 

< 2^Aq,Q2\\Ll\\Sq,>Q2\\L^\\Aq„{VSu, A<5g)|li2j|AAV5u, A5g)|U2 

< 2^-29'||A,,Ag2|Uhi + v^)II(Q2 , vg2)|U2 2«"||A,A<5«, vsQ)\\Li2-i\\Aq{vSu, asq)U2 

< (1 + v^)2^+^"-2?'||Ag2|U2|i(g2, wq2)\\li\\{Su, vjg)|ii2||(vfe, A5g)||^„., 

which implies 

E E E 2-%4(<z,g',Q")< 

q">N q'>q" — l 

<||Ag2|h2|i(g2, vg2)|h2||(V(5u, A<5g)||^_i||(fe, V(Sg)|U2 ^ (i + v^)2^" ^ 2-2«' ^ 2i 

q">N 9'>g"-i g<g'+5 

<||Ag2|h2|i(g2, vg2)|h=||A^g||^_i||(fe, v^g)IU2 ^(1 + 77)2^" ^ 2 - 2 ^'+^ 

q">N q’>q"-i 

<||Ag2|h2|i(g2, vg2)|h2||(v^u, A5g)||^_i||(fe, vdg)|U2 ^ {i + ^)2-4- 

q">N 

< ||Ag2|h2|i(g2, vg2)|h2|i(V(5u, A5g)||^„i ||(fe, V(5g)|U22-f, 

Summarizing the last inequalities we obtain an estimate similar to (1681) . so that we can conclude arguing as 
in (1691) . Finally, it remains to examine when j = 4, as last term. Let us define 

^tiq^q',q'',q'") ■= [ h| A,[Aq-g2tr{Aq//(Aq///g255'"+2V(5-«)}]A,A5g + 

JR2 '' 

- Aq[AqiQ2tT{Aq>i{Aq^nQ2Sq'»+2A6Q)}]AqVSu | 
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< ||A, [ Aq/(52tr{A,//[ A,///(52>5g'"+2(V(5M, Ai5Q)] }] |li2||Ag(V(5w, ASQ)\\l2 

< 2« IIA,[ A,, Q 2 tr{ A,. [ A,,,, Q 2 V'+2 (ySu, A6Q) ] } ] |Ui || A, {V6u, A8 Q)\\li 

< 2'^|| Aq/Q 2 ||L 2 II Ag// [ Ag///(52 Sqiii+ 2 iy5u, Ai5Q) ]||i 2 1| Ag(V(5u, A5Q)||i2 
<2«+«"||Ag,Q2||L|||Ag.[Ag,,,g2V'+2(v5«, A5g)]|Ui||Ag(V(5u, A5Q)\\li 

< 2«+«"||Ag,AQ2||Lil|Ag-g2||L=IIV'+2(v5M, A,5g)IU2||Ag(v5M, A<5g)|U2 

< 2«-«'+«"-«"'||Ag,vg2|U2||Ag.,Ag2|U2||V'+2(5«, v5g)|U2||Ag(v5M, A5g)IU2. 

Hence, taking the sum in g, g', q" and g"', we get 

E E E E 

q'>q—5 q''<q' — l q"'>q''-\-b 

<||(v<5«, A5g)||^_i||vg2|k2^ E E E 2 t"^'+’"-^"'l|Ag-Ag2||i2||V'+2(5«, v<5g)|U2 

geZ q'>q—b q"^q' — ^ q'">q"-\-5 

<||(v5u, A,5g)||^_i||vg2|k2 ^ ^ 2 «"-«"'||Ag,.Ag 2 |U 2 ||V'+ 2 (^u, v^g)IU 2 ^ 2 -«' ^ 2 

q'"G'^q''<q"' — 5 q'>q"-\-l 

<||(vfe, A5g)||^_i||vg2||L2 ^ ^ 2 «"-«"'||Ag,.Ag 2 |U 2 |IV'+ 2 (<^«, v<5g)|U2 ^ 2 -^ 

q'" q" <q''' — ^ q'>q"-\-l 

// _ m m 

<||(vju, A,5g)||^_i||vg2||L2 ^ ^ 2^||Ag.,Ag2|U22-^||V,+2(fe, v^g)||z,2 

q"' q" <q''' — h 

< iKv^u, A,5g)||^_. ||vg2|k2 ^ ||Ag.,Ag2|U22-V||5g,„+2(5u, V5g)||i2 

q"'& 

< \\{V6U, A5g)||^_. ||vg2||i2||Ag2|U2||(fe, v<5g)||^_. 

< ||vg2||i2||Ag2||i2||(5«, v<5g)||5^_, +ai|v5u||^_, +Cr,L||A<5g||^_, 
and this concludes the estimates of the term £i + £ 2 - 

4.2.5. Remaining Terms. For the sake of completeness, now we analyze all the remaining terms. However we 
point out that they are going to be estimates using simply just Theorem I A. 11 hence they are not a challenging 
drawback. For instance, let us observe that 


L{{^5D + 5££)5Q, A6Q )+ L{{^D2 + ^2)8Q, ASQ)^-k + L{6Q{^6D + <512), A6Q )+ 

+L{SQi^D2 + n2),ASQ}^^^ < ||<5g||^i ||V(«1, u2)||L^||A<5g||^_. < livjgii^.i X 


x||V(ui, u2)||L2||A<5g||^_. < ||VK, W2)||i2||V<5g||^_, 
Moreover Lar(^g, ASQ)^^ 1/2 < ||i5g||^_i/2 + C'r.iHA(5g||^_i/2 and 


■Cr,L||A,5g|| 




LbTiQiSQ + SQQ 2 , asq)^_. < ||gi<5g + 5gg2||^_i||Ag||^_i < ll(gi, g2)||L2||5g|| - ||A5g||^_ 


< IKOi, g2)||L2||v<5g||^^. ||A<5g||^_i < ||(gi, g2)||i2||v<5g||^_. 


Cr.L||A<5g|||_ 


Furthermore, by a direct computation, we get 


Lcr((5gtr{gi}, A5g)^_i +Lcr(g2tr{gi5g + ,5gg2},A<5g)^_i < iKg?, g2)llL2||(5g||^i ||A^g||^ 


H~2 


'H2 I 


'H~2 


< ll(gi, g2)||i4j|v<5g||^_i ||A<5g||^„i < ||(gi, g 2 )||i 2 ||v(gi, g2)|li2||v5g||2^_. 


Cr,L||A<5g|||_ 


and 


L{Su■ vgi, A(5g)^_i + l{u 2 ■ VSQ, asq}^,i < ||(W 2 , vgi)||^3 ||((5u, v<5g)||^. 1 l|A(5g||^„i 


< ll(« 2 ,vgi)||| 2 ||(v« 2 , aQi)I|! 2|1(<5«, V(5g)|| iKAfe, A<5g)||J^_, ||A5g|| 

- - H 2 H 2 


^Ll 

|2 


H^2 


< ||(«2,vgi)|||2||(v«2,AQi)lli.|l(<5«, v<sg)r^ , +cA^5u\\i_ 






Moreover a^{SQQi, VSu)^-i /2 < ||(5g||iji/2||gi|| l 2 ||V(5m||^_i/ 2 < ||gi|li2||V(5g||^_i/2 + C'l'llV^u||^_,/ 2 , 


6^(<5g(g?-tr{g?}|), vsu)^_^ < ||<5g||^4 ||g?|U2||v5u||^_4 


< liv<5g||^_i ||gi|U2||vgi|U2||vH|^.i < ||gi|li2||vgi||i.||v<5g||^_. 


l|v5g||^_i||gi|li4j|vHlg^_i 

■aiivfeii 
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and 

<(<5Qtr(g?)Qi, vsu)^_. < ii5Q||^ii|g?ih=||gi||L^I|vfe|i^_i 

< IIQilh=llvgiHi.j|gi||?^.||v5gf^„, +a||vHl^^i- 
Now, a({{Q 2 +ld/ 2 )SQ,VSu)^-i /2 < (||g 2 |li 2 + + C'l^llV(5u||^„i/2 and 

b^{iQ 2 + Y)(gi^g + SQQ 2 ), ^Su )^-1 - b^{Q 2 tr{QiSQ + SQQ 2 }, ^Su )1 < 

< (Iig 2 ih~ + i)ii(gi, g2)iiL^ji<5g||^iiiv^u||^_i < i\\Q2\\H^ + i)ii(gi, g 2 )ih 2 x 

x||v<5g||^_i ||VHI^-i < (11^21^2 + ifiKgi, g2)|ii.||vjg||}^_, + a||VHl5,_- 

Equivalently, we get 

c^{{Q 2 + y )(5gtr{g^}, V(5u )1 + c^((g2 + y )g2tr{5ggi + g2^g}, vfe)i < 

< \\Q2\\l<^UQI, Ql)\\Ll\\6Q\\^r\\^Su\\^_^ < \\Q2 \\h4{Qi, Q 2 ) IHj || V<5g|| ^ i || V^u|| i 

< Iig2ii?^2||(gi, g2)iii2||v(gi, Q 2 )\\h\\y 6Q\\i, +ai|v5uf 

X ^ 12 ^ si ^ 

and moreover 

mSQASQ, VSu)^_. +m 6 QAQ 2 ,y 6 u)^_i < \\SQ\\^ 4 \A{Qi, g2)|lL2j|Vfe||^_i 

< ||A(gi, g2)|li2||v5g||^_, . 

We can similarly control the terms from —a^{QiSQ,VSu)^- 1/2 to L^{AQ 2 ,SQ: V5)^_i/2 in (|40)) . proceeding 
as in the previous estimates. Furthermore 

2a^{SQtr{Ql}, VSu).! + 2 a^{Q 2 tr{SQQ 4 , Vfe) . 1 + 2ae(g2tr{g2(5g}, VSu) .1 < 

hi 2 hi 2 si 

< \m\^4\{Ql Ql)\\Li\\ysu\\^_. < ii(gi, g2)||i2||v(gi, g2)iii2j|v^g||^_, +ai|vHl5^y, 

2b^{SQtT{Ql}, \7Su).i + 2 b^{Q 2 tT{SQQ 2 }, VSu)._i + 2 b^{Q 2 ti{Q 2 {SQQi + Q 2 bQ)}, VSu).i 

hi 2 si ^ hi 2 

< ii(gi, g2)ih.||v(gi, g2)ih2ii(gi, g2)iil^.||v5gf +aiivHP. ^ 

X X si 2 si 2 

and also 

2c^((5gtr{gi}^, V6u)._i + 2c^(g2tr{(5ggi + g2(5g}tr{gi}, V(5u) .„1 + 

+ 2ce(g2tr{g2}tr{5ggi + g2<5g}, vbu)^_^ < ||(gt, g^)llL2|l<5g||^i||v5u||^y 

< IKQi, Q2)lhs||v<5g||^_i ||vfe||^_i < ||(gi, g2)lh2j|v(gi, g2)|li2j|v<5g||^_i ||vfe||^_i 

< ll(gi, g 2 )lh.||v(gi, g2)|li2||v<5gf 1 +c4^5uf , 

X ^ si 2 si 2 

Furthermore, we observe that 

2m6QtT{6QASQ}, V^u) . 1 + 2L^(5gtr{jgAg2}, V^u) . 1 + 2L^(5gtr{g2A(5g}, Vfe) . 1 + 

si 2 si 2 si 2 

+ 2 L^{Q 2 ir{ 5 QA 5 Q}, V5u)^_, + 2 Li{ 5 Qtv{Q 2 AQ 2 }, V<5m)^_i + 2L^(g2tr{(5gAg2}, VSu)^_i 

< ii^gii - i|A(gi, g 2 )iiL 2 ||(gi, g 2 )iiL~i|vfe||^-^ 

< ||A(gi, g2)||i2||(gi, Q2)\\U\^sq\\1_, +a||v<5uf , 

^ Si 2 Si 2 

and 


L(v<5g© vgi, + L(vg 2 © vbQ, y5u)^_i < ||vjgn^y ||v(gi, g2)||^31|vfe||^_i 

< liv<5g|||_, ||v5g|||,||v(gi, g2)||j2||A(gi, g2)|lil|v5u||^y 

< ||v<5g|||_,||A5g||J^_i||v(gi, g2)|iil|A(gi, g2)llil|vHI^-^ 

si 2 si 2 

< l|v(gi, g 2 )||i 2 ||A(gi, g2)||i2||v5g||2^_, +Cr,L||A<sg||^_, +cAV5ur^_,. 


Moreover 


La{SQQi, VSu)^^i +a{Q 26 Q, \7Su)^^i - a{QiSQ, V(5m)^_i < ||(5g||^i ||(gi, g2)||L2||V(5M||^_ 


< 


l|v5g||^_i||(gi,g2)iU2 


l|v<5w||^_i <||v<5g||^_i||(gi,g2)ih2 




32 


Francesco De Anna Arghir Zarnescu 


-Lb{SQ{Ql - tr{( 3 i}^), V 5 u) ._i - b{Q2{Qi6Q + SQQ2 - tv{Qi6Q + 6QQ2}^), Vdu).i + 

^ n 2 ^ H 2 


+6((Q?-tr{Q?}|)5Q, V5u)^^ 


1 - b{{QiSQ + 6 QQ 2 - trlQiSQ - 


SQQ 2 }j)SQ, < 


< Wm^^iWiQi < II^QII^ilKgi, Q2)\\U\^Su\\^_^ < IIv^qh^.i ikqi, Q2)I1l2x 

.mi.Q2)\\l2\\^{Qi,Q2)\\l2 ' ^ 


x||v(Qi, Q 2 )||LHIvfe|l^-i < l|v<5g||;^_ 




and 


Lc{5QQiiT:{Q\}, V5u)^„i + c{Q 28 QtT:{Q\}, V 6 u)^_i - c{QiSQtT{Qj}, ySu)^_i- 
-c{6QQ2tT{Qi}, VSu)^_. < PQII^i IKQi, Q2)\\L^ml QI)\\li\\^Su\\^_. < ||V(5g||^„i IKQi, Q2)\\h^x 
x||(gi, g2)|ii4j|v<5u||^_i < ||v<5g|i5^_,||(gi, g2)fff=||(gi, g2)|ii.||v(gi, g2)|ii2 + 

Finally 

(■U2 • V5u,(5m)^_i = -{u2<S)Su,VSu)^_i < ||m2||^i ||^u||i2||VJu||^_l 

< lk 2 |li 2 ||V« 2 ||ipn|l|_J|Vfe|||_, < \\U 2 \\ 12 \\VU 2 \\ 14 SU\\ 1 _, +C 4 ysu\\l_, 

and {6u ■ Vui, ^u)^_i /2 < ||(5u||^i/2||Vmi||l2||^u||^_i/2 < C^H+ ||Vui||| 2 ||^u||^_,/ 2 - 

4.2.6. Conclusion. Recalling (I40|) and summarizing all the the previous estimates, we conclude that there 
exists a function y which belongs to L;^Qg(K+) such that 

±^t) + i2\\y6u\\l_, +TL^AQ\\l_,<x{tMm) + c4ySu\\l_, + Cr,L|| Ag||^_, 

where ^ is the Osgood modulus of continuity defined in (H^ . Hence, choosing Cr.L and C^, small enough from 
the beginning, we can absorb the last two terms on the right-hand side by the left-hand side, obtaining (1411) . 
We deduce that $ = 0, thanks to the Osgood Lemma and the null initial data $(0) = 0. Thus, {SujWSQ) is 
identically zero and SQ as well, since 5Q{t) decades to 0 at infinity for almost every t. 

□ 


Appendix A. 


Theorem A.l. Let s and t be two real numbers such that |s| and |t| belong to [0,d/2). Let us assume that 
s + t is positive, then for every a G and for every b G H*'(W^), the product ab belongs to arid 

there exists a positive constant (not dependent by a and b) such that 

l|n^llils+t-d/2 < C'llnllijs 

Proof. At first we identify the Sobolev Spaces iJ® and H* with the Besov Spaces 2 and ^ respectively. 
We claim that ab belongs to and 

^2,2 ' ’ 

for a suitable positive constant. 

We decompose the product ab through the Bony decomposition, namely ab = Tab + Tba -I- i?(a, 6), where 
Tab :='^AqaSq-ib, fba:='^Sq-iaAqb, R{a,b) := AqaAq+„b. 

qel, q^I. q&^ 

kl<i 

For any g £ Z, we have 

29(®+‘-i)||(A,r„6, A,T6a)|U2 < 

< ^ 2 ^'®||A,a|U 22 «'(‘-^)||Vi^lU~+ E 2 ^'(®-^)||Via|U» 2 ^'‘||A, 6 |U 2 , 

I<?-9'I<5 |9-9'I<5 

hence 


\\{fab,tba)\\ d < \\{tab,fba)\\ 

R ^ ) 


’ 2,1 


2,2 B 


^t-4 + II®II 4 Hulls' ^ II®IIbj 


where we have used the embedding i ?2 2 ^ 2 '^ ^ for any cr £ R and moreover the following norm- 

equivalence 

Iklls- ~ ll(2'^l|5'qU||ip)qgz||ir(z), 
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In order to conclude the proof, we have to handle the rest i?(a, b). By a direct computation, for any g G Z, 

q>q-b 

kl<l 

SO that, thanks to the Young inequality, we deduce 

||^(a,&)|l < P(a,6)||.^ < ||ab| JI&IIb| , 

2 1.1 2,2 2,2 

where we have used the embedding moreover X] 9<5 < oo since s +1 is positive. 

□ 

Theorem A.2. Let N he a positive real number and f a function in H^. Then Si\ff belongs to and 

WSnJWl^ < Wfhi + ^I|V/|U2 < (1 + VN)\\{f, v/)|U2. 

Proof. We split SNf into two parts, namely Aat/ = X]q<o + J2o<q<N ^gf- First we observe that 

\lI- 


s(E2' 

q<0 


II E ^ E II ^ E 2^11^ Jlh^. 

g<0 g<0 q<0 

Similarly, considering the second term, we get 

II E ^Jlh“< E W^gfhT^ E 2^11 Vihl 

0<q<N 0<q<N 0<q<N 

< \\^g^f\\Li<{ E i)"( E ii^^wiiij)'<^11/11^1, 

0<q<N 0<q<N 0<q<N 

which concludes the proof of the Theorem. 


□ 


The following Lemma plays a main role in the uniqueness result of Theorem 11.11 more precisely inequality 
Gl is the key for the double-logarithmic estimate. 

Lemma A.3. There exist a positive constant C such that for any p £ [l,c») the following inequality is 
satisfied: 


||/||l2p(R 2) < C^/p|l/lli2(R2) II V/||^2 (r2) 


(74) 


Proof. The proof of this lemma was presented in |32j (lemma 4.3) and we report it here, for the sake of 
simplicity, thanks to Sobolev embeddings, we have 


||/IU^i>(M^)<Cv^||/||^.-i(„2)- 


(75) 


Moreover, since ^/^(R^) is an interpolation space between L^(]R^) and 77^(]R^), the following inequality 
is satisfied: 


which leads to (IT^ . together with (175]) . 


□ 


Appendix B. 

Proposition B.l. Let (Q^"^ , u") he a smooth solution of (EH) in dimension d = 2 or d = 3, with restriction 
and smooth initial data {Q{x),u{x)), that decays fast enough at infinity so that we can integrate by parts 
in space (for any t > OJ without boundary terms. We assume that |^| < where (q is an explicitly computable 
constant, scale invariant, depending on a,b,c,d,T,v,\. 

For (Q, u) £ X L^,we have 

||0^”^(i,-)||Bi < Cl +(7ie^i‘||g||ffi,Vt > 0 

with Cl, Cl depending on (a, b, c, d, L, L, v, Q, u). Moreover 


( 76 ) 
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Proof. We denote: 

a, /3 = 1,2,3. (78) 

Multiplying the first equation in (l?7l) by — A77" and the second one by u",taking the trace and integrating 
over we get 

I [ . - ^tr(Q("))3 + £|qW|4) dx + + TAL^H||i. 


R<i 


+ rAc2||J„(g('^)tr{Q(’^))})||i. - 2cLr\ / AQ[;^^gi"^)tr{(Q(-))2}dx + a2rA||g(")||i. 

+ b'^rx [ tr{j„((Q(’"))2-MM!ll!l)2}rf2. + £ /" \R^uXQ^'^'>\^dx + e [ |i?eVit"|'‘ dx 

Jr<* d J-g^d Jgd 

<2ar\ [ tr{X^Q^^^dx-2br\ [ tr{X^{Q^^'>y} dx 

dR'i Jr'‘ 




+ 2a6rA J^ tr{(g("))3} dx + X J^ • vgi”)) j„ [bQ^ff^- cgi”^^ |g(”) |') dx 

Integrating by parts we have: 

-2cLrA [ Ag^"^)g5]tr{(g("))2}dx = 2cLrA [ gSfegSfetr{(gW)2}dx 

jR-i jRrf 

+2cLrA [ gi”]fcgi">fc ftr{(g(”^)^}')dx = 2cirA [ |vg(")|M(Q^”^)"})d^ 

jRd r, r \ J 

+cLTX 


(79) 


P dx > 0 

(where for the last inequality we used the assumption ([3]) and i, F, A > 0). One can easily see that 


i„ = -^l|vg(-)||i.-c||g(-)||i4 


(80) 


(81) 


and moreover 


< 


xjgd Jn {bQ^:lQf^ - cg^lQ^^f) ^ 

<^ [ |i?,vu'‘|4dx + c(e) / |g(")|^dx + ^^^ f |j„(g(")|g(")n|2dx 

XRd Js.<i ^ jRrf 

On the other hand, for any e > 0 and C = C{e,c) an explicitly computable constant, we have: 

Jn=L [ fefegL”)g5 dx-c[ tr{(g(-))2}tr{(g)(-))n dx<-L [ .g^") dx 

dRrf XRrf jRrf 

f tr{(g('‘))2}fctr{(g("))2} + etr2{(g(-))2}^ do: 

Jr-J Jr-j y e y 

Fe [ |Vg(")|V{(g(")) 2 }dx+-||Vg(’^)||i 2 + [ tr{(g(’^))2} (-tr{(g("))2} + etr2{(g(-))2} ) dx (82) 

XRd £ dR<j ye y 

Using the last four relations in (179)) and considering (|29)) we obtain: 

+ ^|vg("f + A(^|g("y2 _ ^tr(g(-))3 + ^|g(")|4) dx + z^||Vu"||i. + fal^hA g(")|| 

jRd Z Z Z 6 4 


dt 


2 

L2 


+ - 


FAc^ 


||Jn(g^”Hr{g(”))})||2, +a2FA||g(”)||2, +2cLFA / |Vg("yM(Q^”^)'} 


/R'i 


+cLrX [ |v(tr{(g("))2}'j £ /■ |i?^y>^.vgW| 3 dx+^ /" |Vi?eM”|'‘dx 

< 2|a|FA(^||Vg(")||i. + c||g(")||4,) + 2|d|FALe [ |Vg('‘)|M(Q ^”^)'}dx + 2|6|FA-||VgM|| 

^ dR<i e 


2 

L2 
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+2|6|rA [ tr{(Q(-))n ( £tr{(QW)2} ^ etr2{(g(-))2} ) dx + 2|a6|rA(e||Q(")||i. + (C(e) + -)||Q(")||i4) 
ViR'i y £ J £ 

Taking e small enough we can absorb all the terms with an e coefficient on the right into the left hand side, 
and we are left with 


_d 

dt 


1 , 


,n\2 


LX 


|vg(")|2 + A(^|g("y2 _ tr(g('^))3 + ^|g(”)|4) dx 


+^l|Vu"||i2 + rAL2||Ag(")|| 


TAc^ 


L2 


llJn(Q(”Hr{g("))})|h. + rAa2||g(")||i 


L2 


+2cLrA f \yQ^^'>\hT{{Q^^^y}dx + cLrx f |v(tr{(g("))2}) |2da;<(7(||vg(”)||i2 + ||g(”)||l4') 

JRrf jRd V / V / 

with C = C{a, b, c). 

The last relation is not yet enough because there are no positive terms. However, let us note that, if a > 0 
we obtain the a-priori estimates by using the inequality tr{(g("^)^} < |t£{(g^”^)^)} -I- If a < 0 
we have to estimate separately ||g^"^||L 2 and this ask for a smallness condition for Indeed, proceeding as 
for proving (1^ . we get 


d r 
dt 


L ^ - ^tr(g("))3 + ^|g(")|4) dx + Miigiiy 


TAc^ 


+^||Vu"lh= + rAL2||Ag(")|h, + ^||j„(g(-)tr{g("))})||2. + a2||g(")f 


1,2 


+2cLTX [ |Vg(”)|hr{(g(”))2}^^_^g2,rA /" |V (tr{(g(”))2}') 

+ ^ / |vi?,u”|4da.<g(||vg(")||i. + ||g(")||t4) + 

Jr<‘ ^ ^ ' 

MC{d)e [ \Vu'^\^dx+^^^ [ |g(")|2|J„(g(")tr{(g(”))2}|2da;-kMC' /" \^ + \Ux (83) 

iR'i £ iR‘^ Jr'^ 

We chose e small enough so that MC{d)£ < v. Finally we make the assumption that |^| is small enough, 
depending on a, 6, c, d, v so that 


—^ < TAc^ 


Then taking into account that 


2 -tr{(g(")) 2 } ^ _tr 2 {(Q(n)) 2 | < ^ _)tr{(g(-)) 2 } _ -tr{(g(-))3} + -tr2{(g(-))2} 

we obtain the claimed relation (l76l) . 


□ 
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